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ABSTRACT
i
A n o n l in e a r  tw o -p o in t b o u n d a ry -v a lu e  p ro b lem  was fo rm u la te d  whose 
s o lu t io n s  a r e  t h e  e q u i l ib r iu m  c o n f ig u r a t io n s  o f  i n i t i a l l y  c i r c u l a r  a r c h e s .  
The fo rm u la t io n , w hich  c o n s i s t s  o f  a  s e t  o f  s i x  n o n l in e a r  o rd in a ry  d i f f e r ­
e n t i a l  e q u a tio n s  w ith  n o n l in e a r  b o u n d ary  c o n d i t io n s ,  i s  e x a c t  w i th in  th e  
fo l lo w in g  a s su m p tio n s :
1 , The a rc h  c e n t r o id a l  a x is  i s  c o n s t r a in e d  to  rem ain  in  a  p la n e .
2 . The assu m p tio n  o f e n g in e e r in g  beam th e o ry  t h a t  c r o s s - s e c t i o n a l  
p la n e s  p e rp e n d ic u la r  t o  t h e  c e n t r o i d a l  a x is  o f th e  a rc h  rem ain  
p la n e  a s  th e  a rc h  deform s i s  u s e d . S h e a r in g  d e fo rm a tio n s  a re  n e g ­
l e c t e d .
3 , L in e a r ly  e l a s t i c  m a te r i a l  b e h a v io r  i s  assum ed.
4 . The r a t i o  o f  th e  th ic k n e s s  o f  th e  a r c h  to  th e  r a d iu s  o f  t h e  
undeform ed a rc h  i s  assum ed t o  be s m a l l .
D im e n s io n le ss  v a r i a b l e s  w ere in t r o d u c e d  su c h  t h a t  b o th  e x t e n s ib le  and in ­
e x t e n s ib l e  a rc h e s  c o u ld  be s tu d ie d .
Two lo a d in g  c a s e s ,  h y d r o s ta t i c  lo a d in g  and v e r t i c a l  lo a d in g , w ere  con­
s id e r e d .  The h y d r o s ta t i c  lo a d in g  c o n s i s t e d  o f  a  p r e s s u r e  w hich was u n i­
fo rm ly  d i s t r i b u t e d  w ith  r e s p e c t  t o  t h e  a r c  le n g th  o f  th e  deform ed c e n t r o id a l  
a x i s  and w hich rem ain ed  norm al t o  t h e  c e n t r o i d a l  a x is  a s  th e  a rc h  deform ed. 
The v e r t i c a l  lo a d in g  was ta k e n  a s  a  p r e s s u r e ,  u n ifo rm ly  d i s t r i b u t e d  w ith  
r e s p e c t  t o  t h e  undeform ed a rc  le n g th  o f t h e  c e n t r o id a l  a x i s ,  and w hich r e ­
m ained in  a  v e r t i c a l  d i r e c t i o n .  B o th  lo a d in g s  can  be c o m p le te ly  s p e c i f i e d  
by a  lo a d in g  p a ra m e te r  w hich was ta k e n  a s  th e  i n t e n s i t y  o f  th e  a p p l ie d  
p r e s s u r e .
Two a lg o r i th m s  w ere  d ev e lo p ed  f o r  o b ta in in g  n u m e ric a l s o lu t io n s  o f  
th e  b o u n d a ry -v a lu e  p rob lem  f o r  v a r io u s  v a lu e s  o f  t h e  lo a d in g  p a ra m e te r .
One a lg o r i th m  c a l l e d  SYM was d e s ig n e d  t o  f in d  g e o m e tr ic a l ly  sym m etric
c o n f ig u r a t io n s ,  and th e  o th e r  c a l l e d  ASYM was d e s ig n e d  to  f in d  th e  asym-
   -
m e tr ic  o n e s . Both u sed  a  s h o o tin g  m ethod t o  s o lv e  th e  b o u n d a ry -v a lu e  
p ro b lem  and an e x t r a p o la t io n  te c h n iq u e  f o r  fo llo w in g  p lo t s  o f  lo a d  pa­
ra m e te r  v e r s u s  d e f l e c t i o n .  SYM in c lu d e d  t h e  c o m p u ta tio n  o f  th e  lo ad  p a ­
ra m e te r  c o rre sp o n d in g  t o  th e  f i r s t  r e l a t i v e  maximum in  th e  lo a d - d e f le c t i o n  
c u rv e .  ASYM was d e s ig n e d  to  f in d  th e  lo a d  p a ra m e te r  c o rre sp o n d in g  to  
b i f u r c a t i o n  o f  th e  a rc h  from  a sym m etric  c o n f ig u r a t io n  to  an a d ja c e n t  
asym m etric  o n e .
The a lg o r i th m s  SYM and ASYM w ere  u sed  t o  s tu d y  th e  s t r u c t u r a l  behav­
i o r  o f  s e v e r a l  d i f f e r e n t  a r c h e s .  R e s u l t s  w ere p re s e n te d  f o r  th e  fo llo w in g  
c a s e s :
1 . Clamped, h y d r o s t a t i c a l l y  lo a d e d , s e m ic i r c u la r  a rc h e s  were con­
s id e r e d  w ith  v a ry in g  am ounts o f  e x t e n s i b i l i t y .
2 . S e v e ra l  c lam ped, h y d r o s t a t i c a l l y  lo a d e d , sh a llo w  a rc h e s  w hich 
w ere s tu d ie d  p re v io u s ly  by Kenr and El-Bayoum y u s in g  a  more ap­
p ro x im a te  sh a llo w  a rc h  th e o r y  w ere c o n s id e re d .
3 . Clamped and p in n e d , i n e x t e n s i b l e ,  v e r t i c a l l y  lo ad ed  a rc h e s  
w ere c o n s id e re d  w ith  t o t a l  su b te n d e d  a n g le s  o f  60 , 120 , and 180 
d e g re e s .
T hese  r e s u l t s  showed t h a t  th e  e f f e c t  o f  e x t e n s i b i l i t y  on th e  b u c k lin g  lo a d  
f o r  clam ped e x te n s ib le  a rc h e s  i s  n o t  v e ry  s i g n i f i c a n t  f o r  s e m ic i r c u la r  
(d e e p )  a rc h e s  and i s  s i g n i f i c a n t  f o r  s h a llo w  a r c h e s .  The s h a llo w  a rc h  
th e o r y  r e s u l t s  o f  K err and El-Bayoum y p ro v id e d  an  e x c e l l e n t  ap p ro x im a tio n  
t o  th e  r e s u l t s  f o r  th e  sh a llo w  a rc h e s  c o n s id e re d  h e r e in .  The s t r u c t u r a l  
b e h a v io r  o f  t h e  i n e x te n s ib le ,  v e r t i c a l l y  lo a d ed  a rc h e s  was q u i t e  s im i la r  
t o  t h a t  o f  th e  c o rre sp o n d in g  h y d r o s t a t i c a l l y  lo a d ed  a r c h e s .  However, th e  
n o n - f u n ic u la r  v e r t i c a l  lo a d in g  d id  p ro d u ce  s i g n i f i c a n t  p re b u c k lin g  d i s -  
p lacem en ts  f o r  th e  h ig h e r  a r c h e s .
1CHAPTER 1 . INTRODUCTION
The l i n e a r  th e o r y  o f  c u rv e d  o r  s t r a i g h t  b a r s  form s a  r a t i o n a l  b a s i s  
f o r  th e  s t r u c t u r a l  a n a ly s i s  o f  fram ed s t r u c t u r e s  su ch  a s  b u i ld in g s ,  
b r id g e s ,  t r a n s m is s io n  to w e rs ,  e t c .  T h is  l i n e a r  th e o r y  i s  based  on l i n ­
e a r iz e d  v e r s io n s  o f  th e  e q u a t io n s  g o v e rn in g  th e  b e h a v io r  o f  th e  b a r s .  
U n fo r tu n a te ly ,  th e  l i n e a r  th e o r y  o f  b a r s  w ith  i t s  a s s o c ia te d  m a th em atica l 
model i s  u n a b le  t o  p r e d i c t  p h y s i c a l l y  f a m i l i a r  b e h a v io r .  One exam ple o f  
su ch  b e h a v io r  i s  t h e  e l a s t i c  b u c k lin g  o f  t h i n  a x ia l ly - lo a d e d  ro d s  w hich 
h a s  been  o b se rv ed  by m ost y o u n g s te r s  who p la y  w i th  s t i c k s .
The e q u a tio n s  g o v e rn in g  t h e  s t a t i c  e q u i l ib r iu m  o f  s t r a i g h t  o r  cu rv ed  
b a rs  may be c a te g o r iz e d  a s  f o l lo w s :
1 . E q u il ib r iu m  E q u a t io n s .  T h ese  d i f f e r e n t i a l  e q u a tio n s  fo llo w  
from  th e  s t a t i c  e q u i l ib r iu m  o f  an  a r b i t r a r i l y  sm all e lem en t o f 
th e  b a r .
2 . S t r a i n  M easure D e f i n i t i o n s .  T h ese  e q u a t io n s  d e f in e  th e  quan­
t i t i e s ,  su ch  a s  ch an g e  in  c u r v a tu r e ,  a n g le  o f  t w i s t ,  e t c . ,  w hich
- a r e  ta k e n  a s  m easu res  o f  th e  i n t e r n a l  s t r a i n  in  th e  b a r ,  in  te rm s 
o f  th e  q u a n t i t i e s  w hich  a r e  u se d  t o  s p e c i f y  th e  geom etry  o f  th e  
deform ed b a r .
3 . C o n s t i tu t iv e  E q u a t io n s .  T h ese  a r e  r e l a t i o n s  betw een th e  
s t r a i n  m easures and t h e  i n t e r n a l  s t r e s s  r e s u l t a n t s .
4 .  Boundary C o n d i t io n s .  T h ese  a r e  e q u a tio n s  w hich  e x p re s s  th e  
c o n s t r a i n t s  p ro v id e d  a t  th e  b o u n d a r ie s  o f  th e  b a r  in  te rm s of th e  
s t r e s s  r e s u l t a n t s  and th e  g eo m etry  o f  th e  b a r  a t  th e  b o u n d a r ie s .
In  g e n e r a l  a l l  o f  th e s e  e q u a t io n s  a r e  n o n l in e a r .  To l i n e a r i z e  them  a d d i­
t i o n a l  a ssu m p tio n s  must be in t r o d u c e d  w hich  may be  v iew ed a s  c o n s t r a in t s  
on th e  a d m is s ib le  c o n f ig u r a t io n s  o f  t h e  m a th e m a tic a l model o f  th e  b a r .
F o r many c a s e s  o f p r a c t i c a l  i n t e r e s t  th e  e x t e r n a l  lo a d in g  can be 
s p e c i f i e d  by th e  v a lu e  o f  a  s i n g l e  p a ra m e te r  c a l l e d  th e  lo a d  p a ra m e te r .
Only such  lo a d in g  system s w i l l  b e  c o n s id e re d  h e r e i n .  Exam ples o f such  
lo a d in g  sy stem s a r e  c o n c e n tra te d  o r  d i s t r i b u t e d  f o r c e s  o r c o u p le s ,  d i s ­
t r i b u t e d  te m p e ra tu re  chan g es , and d is p la c e m e n ts .
The l i n e a r  b o u n d a ry -v a lu e  p ro b lem  w hich  r e s u l t s  from  th e  l i n e a r i z e d  
v e r s io n s  o f  t h e  g o v e rn in g  e q u a tio n s  h as  a  u n iq u e  s o lu t io n  f o r  many sp e ­
c i a l  c a s e s  o f  p r a c t i c a l  i n t e r e s t .  By a  u n iq u e  s o l u t i o n  i t  i s  m eant t h a t  
t h e r e  i s  a  u n iq u e  e q u il ib r iu m  c o n f ig u r a t io n  f o r  e ac h  d i f f e r e n t  v a lu e  o f 
th e  lo a d  p a ra m e te r .
The key  t o  th e  phenomenon o f  b u c k lin g  m e n tio n e d  e a r l i e r  i s  t h a t  c e r ­
t a i n  s t r u c t u r e s  may have more th a n  one e q u i l ib r iu m  c o n f ig u r a t io n  f o r  th e  
same v a lu e  o f t h e  lo a d  p a ra m e te r . In  te r ra s  o f  th e  a x ia l ly - lo a d e d  b a r  
t h e r e  e x i s t  two e q u i l ib r iu m  c o n f ig u r a t io n s ,  a  s t r a i g h t  unbuck led  one  and 
a  b e n t b u ck led  one , f o r  v a lu e s  o f  th e  a x i a l  lo a d  (w hich  may be  ta k e n  as  
th e  lo a d  p a ra m e te r )  g r e a t e r  th a n  th e  E u le r  c r i t i c a l  lo a d .  I n  o rd e r  to  
p r e d i c t  su ch  b e h a v io r  a n a l y t i c a l l y  a  m ore r e a l i s t i c  m a th e m a tica l model 
m ust be c o n s id e re d  f o r  w hich some o f  t h e  a s su m p tio n s  ( c o n s t r a i n t s )  o f  
th e  l i n e a r  model have  been r e la x e d .  Such f o r m u la t io n s  r e s u l t  in  n o n l in e a r  
b o u n d a ry -v a lu e  p ro b lem s.
T h is  s tu d y  i s  co ncerned  w ith  t h e  e q u i l ib r iu m  c o n f ig u ra t io n 's  o f  p la n e  
c i r c u l a r  a rc h e s  a c te d  on by u n ifo rm ly  d i s t r i b u t e d  f o r c e s .  The i n t e n s i t y  
o f  t h e  u n ifo rm ly  d i s t r i b u t e d  f o r c e  i s  ta k e n  a s  t h e  lo a d  p a ra m e te r . For 
su ch  a rc h e s  t h e r e  can  be more th a n  one e q u i l ib r iu m  c o n f ig u r a t io n  a s s o c ­
i a t e d  w ith  a  g iv e n  v a lu e  o f  th e  lo a d  p a ra m e te r .
F i r s t  a  b r i e f  re v ie w  o f  th e  w ork o f  o t h e r  i n v e s t i g a t o r s  w i l l  b e  p r e ­
s e n te d .  F o llo w in g  t h a t  th e  sco p e  o f  th e  p r e s e n t  s tu d y  w i l l  be o u t l i n e d .
Review  o f  th e  Work o f  O th e r I n v e s t i g a t o r s
T h ere  i s  an  e x te n s iv e  l i t e r a t u r e  d e a l in g  w i th  th e  f i n i t e  d e fo rm a tio n s  
and s t a b i l i t y  o f  c i r c u l a r  a rc h e s  and r in g s  w ith  much o f  th e  w ork b e in g  
p u b lis h e d  d u r in g  th e  decade o f  1960-1969 . Some tw e n ty  w orks w i l l  be  r e ­
f e r r e d  t o  h e r e in .  S e v e ra l  o ld e r  r e f e r e n c e s  may b e  found  in  th e  p a p e r  by 
Oran and R eagana (1 7 ) .  Most ap p ro ach es  to  t h e  p ro b lem  r e q u i r e  th e  s o lu ­
t i o n  o f  sy stem s o f  n o n l in e a r  a lg e b r a ic  e q u a t io n s ,  a  t a s k  w hich  g e n e r a l ly  
r e q u i r e s  th e  u s e  o f  a  d i g i t a l  co m p u te r. The em ergence o f  r e a d i l y  a v a i l ­
a b le  d i g i t a l  co m p u te rs  in  th e  e a r ly  1960*s and t h e  developm ent o f  FORTRAN, 
a  program m ing la n g u ag e  f o r  s c i e n t i f i c  and e n g in e e r in g  c o m p u ta tio n s , made 
m ost o f th e s e  s tu d i e s  p o s s ib le .  The e x te r n a l  lo a d in g s ,  c o n s t i t u t i v e  equa­
t i o n s  and g e o m e tr ic  c o n s t r a i n t s ,  and th e  m ethods o f  s o lu t io n  u sed  by p r e ­
v io u s  i n v e s t i g a t o r s  w i l l  be d is c u s s e d  below .
S e v e ra l  d i f f e r e n t  k in d s  o f  e x t e r n a l  lo a d in g  h av e  been  c o n s id e re d .
Most a u th o rs  have  c o n s id e re d  e i t h e r  a  s in g le  c o n c e n t r a te d  f o r c e  w hich  
re m a in s  in  th e  same d i r e c t i o n  th ro u g h o u t t h e  d e fo rm a tio n  p ro c e s s  ( 3 ,  4 ,
5 , 7 ,  13 , 18, 2 0 , 2 4 , 27) o r  a  h y d r o s ta t i c  p r e s s u r e  (1 ,  2 , 1 1 , 12, 14,
1 7 , 2 0 , 21 , 2 2 , 2 6 ) .  Two o th e r  k in d s  o f u n ifo rm  lo a d in g s ,  one in  w hich 
th e  lo a d s  a r e  i n i t i a l l y  r a d i a l  and rem ain  in  t h a t  d i r e c t i o n  th ro u g h o u t 
d e fo rm a tio n  (1 7 , 21 , 26) and th e  o th e r  c a l l e d  c e n t r a l  lo a d in g  in  w hich 
th e  l i n e s  o f  a c t i o n  o f  th e  lo a d s  p a s s  th ro u g h  th e  o r i g i n a l  c e n te r  o f  
c u r v a tu r e  (2 0 , 2 6 ) ,  have been  c o n s id e re d .  Lo and Conway (1 6 ) s tu d ie d  
th e  e f f e c t  o f  e q u a l  and o p p o s ite  c o u p le s  a p p l ie d  a t  t h e  ends o f  th e  a r c h .  
S in c e  b o th  th e  d i s t r i b u t i o n  and d i r e c t i o n  o f  th e  a p p l ie d  lo a d in g  may be
a  Numbers e n c lo s e d  in  p a re n th e s e s  a p p e a rin g  in  t h e  t e x t  r e f e r  t o  item s  
in  t h e  L i s t  o f  R e fe re n c e s
4v a r i e d  a lo n g  th e  le n g th  o f  th e  a r c h ,  t h e  num ber o f  p o s s ib le  lo a d in g  c a s e s  
i s  e n d le s s .
Most a u th o r s ,  w ith  t h e  e x c e p tio n  o f  Wah ( 2 3 ) ,  assum ed t h a t  th e  a rc h  
o r  r i n g  c e n t r o id a l  a x is  i s  c o n s t r a in e d  to  rem ain  in  a  p la n e .  E xcep t f o r  
S m ith  and S im its e s  (21 ) who c o n s id e re d  s h e a r in g  d e fo rm a tio n s , p re v io u s  
a u th o rs  have  u sed  th e  a ssu m p tio n  o f  e n g in e e r in g  beam th e o ry  t h a t  m ate­
r i a l  p la n e s  w hich  a r e  norm al to  th e  a r c h  c e n t r o i d a l  a x is  in  t h e  undeform ed 
c o n f ig u r a t io n  rem ain  p la n e  and s t a y  n o rm a l t o  th e  c e n t r o id a l  a x is  d u r in g  
th e  d e fo rm a tio n . Some a u th o rs  ( 4 ,  17 , 1 8 , 2 2 ) r e s t r i c t e d  t h e i r  s tu d ie s  
t o  a rc h e s  o r  r in g s  w ith  i n e x te n s ib le  c e n t r o i d a l  a x e s .  The o n ly  a u th o rs  
who t r e a t e d  n o n l in e a r  c o n s t i t u t i v e  e q u a t io n s  w ere Antman (1 )  and Lee and 
Murphy (1 4 ) ,  w ith  t h e  o th e r  a u th o rs  u s in g  th e  l i n e a r  o n e -d im e n s io n a l con­
s t i t u t i v e  r e l a t i o n  betw een f i b e r  s t r e s s  and f i b e r  s t r a i n .  Most in v e s t ­
i g a to r s  have  assum ed t h a t  th e  th ic k n e s s  o f th e  a r c h  i s  t h i n  w ith  r e s p e c t  
t o  i t s  r a d iu s  w ith  th e  e x c e p tio n  o f  H u d d le s to n  ( 7 ) ,  L an g h aar, B o re s i ,  
and C arv e r ( 1 3 ) ,  Wempner and K e s t i  (2 6 )  who c o n s id e re d  th e  W ink ler-B ach  
th e o r y  f o r  t h i c k  a r c h e s .  E i th e r  c lam ped o r p in n e d  ends w ere assum ed by a l l  
a u th o rs  e x c e p t  Oran and Reagan (1 7 ) who c o n s id e re d  th e  ends t o  be sup­
p o r te d  by r o t a t i o n a l ,  h o r i z o n t a l ,  and t a n g e n t i a l  s p r in g s .
The e x a c t  (w ith in  t h e  a ssu m p tio n s  o f  e n g in e e r in g  beam th e o ry )  form ­
u l a t i o n  o f  t h e  p rob lem  o f  f in d in g  th e  p la n a r  e q u i l ib r iu m  c o n f ig u r a t io n s  
o f  s t a t i c a l l y  lo a d ed  a rc h e s  and r in g s  le a d s  t o  a  s i x t h - o r d e r  b o undary - 
v a lu e  p rob lem  o f  s i x  f i r s t - o r d e r  n o n l in e a r  o r d in a r y  d i f f e r e n t i a l  equa­
t i o n s  w ith  n o n l in e a r  boundary  c o n d i t io n s .  T h ree  o f  th e  d i f f e r e n t i a l  
e q u a t io n s  a r e  th e  e x a c t e q u a t io n s  o f  e q u i l ib r iu m  f o r  a  p la n a r  sy stem  and 
th e  o th e r  th re e , fo llo w  from  th e  e x a c t  d i f f e r e n t i a l  geom etry  o f  th e  de­
form ed p la n e  c u rv e . The s ix  d ep en d en t v a r i a b l e s  in  th e  d i f f e r e n t i a l  
e q u a tio n s  may be ta k e n  a s  th e  t h r e e  i n t e r n a l  s t r e s s  r e s u l t a n t s  (tw o com­
p o n e n ts  o f  th e  i n t e r n a l  fo r c e  and an i n t e r n a l  c o u p le ) ,  two c o o rd in a te s  
( c a r t e s i a n ,  p o l a r ,  e t c . )  lo c a t in g  a  p o in t  on th e  deform ed c e n t r o id a l  a x i s ,  
and some m easure  o f  th e  s lo p e  a t  t h a t  p o i n t ,  r e s p e c t i v e l y .  The in d ep en ­
d e n t v a r i a b l e  in  th e  e q u a tio n s  i s  some m easu re  o f  th e  a rc  d i s t a n c e  mea­
s u re d  a lo n g  th e  deform ed c e n t r o id a l  a x i s .  I n  a d d i t io n  to  th e  d i f f e r e n t ­
i a l  e q u a t io n s  and boundary  c o n d i t io n s ,  c o n s t i t u t i v e  e q u a tio n s  w hich  may 
a ls o  be  n o n l in e a r  a r e  r e q u ir e d  t o  co m p le te  t h e  f o r m u la t io n .
The s o lu t io n  o f  th e  e x a c t n o n l in e a r  b o u n d a ry -v a lu e  p ro b lem  i s  a  f o r ­
m id a b le  t a s k .  T h is  i s  due to  t h e  f a c t  t h a t  th e  n o n l in e a r  d i f f e r e n t i a l  
e q u a t io n s  can  have many s o lu t io n s  f o r  t h e  same v a lu e  o f  th e  lo a d  p a r ­
a m e te r . In  te rm s  o f  t h e  prob lem  a t  hand  t h i s  means t h a t  an a r c h  can  have 
many e q u i l ib r iu m  c o n f ig u r a t io n s  w ith  b ra n c h e s  la c e d  th ro u g h  i t s  i n f i n i t e ­
d im e n s io n a l c o n f ig u r a t io n  sp a c e . At p r e s e n t  t h e r e  i s  no g e n e r a l  p ro c e ­
d u re  f o r  f in d in g  a l l  t h e s e  e q u i l ib r iu m  c o n f ig u r a t io n s .  F o r some c a s e s  
an i n v e s t i g a t o r  i s  a t  l e a s t  a s s u re d  t h a t  t h e r e  i s  one s o lu t io n  s in c e  
Antman (2 )  has p roven  e x is te n c e  th eo rem s f o r  t h e t o n l i n e a r  b o u n d a ry -v a lu e  
p rob lem  g o v e rn in g  th e  b e h a v io r  o f  h y d r o s t a t i c a l l y  lo a d e d , r o n l ih e a r ly  
e l a s t i c  ro d s  o f  a r b i t r a r y  i n i t i a l  s h a p e . S o lu t io n s  in  te rm s  o f  known 
fu n c t io n s  can  be found o n ly  f o r  a  v e ry  few s p e c i a l  c a s e s ,  an exam ple 
b e in g  th e  in e x te n s ib le  a rc h  lo ad ed  by a  s i n g l e  c o n c e n tr a te d  lo a d  w hich 
was s o lv e d  by DaDeppo and Schm idt (4 )  u s in g  e l l i p t i c  f u n c t io n s .  Antman 
( l )  shows how s o lu t io n s  f o r  h y d r o s t a t i c a l l y  lo a d e d  a rc h e s  may be found 
in  te rm s  o f  d e f i n i t e  i n t e g r a l s .
L in e a r  c l a s s i c a l  b u c k lin g  th e o r y  may be  u se d  t o  f in d  th e  b u c k lin g  
lo a d s  f o r  some a rc h  g e o m e tr ie s  and lo a d in g s .  T h is  fo rm u la t io n  le a d s  t o  
an e ig e n v a lu e  p rob lem  o f  homogeneous d i f f e r e n t i a l  e q u a t io n s .  I t  g iv e s  
c o r r e c t  r e s u l t s  o n ly  i f  th e  a rc h  i s  in e x t e n s ib l e  and th e  a p p l ie d  lo a d in g  
i s  a  f u n i c u l a r  lo a d in g  f o r  th e  undeform ed c o n f ig u r a t io n  ( 1 7 ) .  A f u n ic ­
u l a r  lo a d in g  i s  one t h a t  p ro d u ces  no  i n t e r n a l  moments o r  s h e a r s .  The 
f u n ic u la r  lo a d in g  f o r  a  c i r c u l a r  a rc h  i s  a  u n ifo rm ly  d i s t r i b u t e d  p r e s s u r e  
a c t i n g  in  th e  r a d i a l  d i r e c t i o n .  In  t h i s  c a s e  th e  undeform ed c o n f ig u r a ­
t i o n  i s  an  e q u i l ib r iu m  c o n f ig u r a t io n  (an  e x a c t  s o lu t io n  o f  th e  n o n l in e a r  
b o u n d a ry -v a lu e  p rob lem ) f o r  a l l  v a lu e s  o f  th e  lo a d  p a ra m e te r  and th e  
e ig e n v a lu e s  (b u c k lin g  lo a d s )  a re  v a lu e s  o f  t h e  lo a d  p a ra m e te r  f o r  w hich 
th e  a rc h  h as  a n o th e r  e q u i l ib r iu m  c o n f ig u r a t io n  a d ja c e n t  t o  th e  undeform ed 
( t r i v i a l )  o n e . A ss o c ia te d  w ith  e ac h  e ig e n v a lu e  i s  an eigenm ode (b u c k lin g  
m ode). A d is a d v a n ta g e  t o  t h i s  ap p ro ach  i s  t h a t  i t  y i e ld s  no in fo rm a tio n  
a b o u t th e  p o s t - b u c k l in g  b e h a v io r  o f  th e  a r c h .  I t  was u sed  by O ran and 
Reagan (1 7 ) .
Some in v e s t i g a t o r s  (3 , 5 , 10, 11 , 1 3 , 1 4 , 1 6 , 2 0 , 21 , 26) in tro d u c e d  
a p p ro x im a te  a ssu m p tio n s  i n to  th e  e x a c t  b o u n d a ry -v a lu e  p ro b lem  w hich  le d  
t o  a n o th e r  b o u n d a ry -v a lu e  p roblem  f o r  w h ich  s o lu t io n s  c o u ld  be found  in  
te rm s  o f known f u n c t io n s .  One s e t  o f  a s s u m p tio n s , r e f e r r e d  t o  h e r e in  as 
s h a llo w  a rc h  th e o r y ,  was in tro d u c e d  by S c h re y e r  and M asur (2 0 , p .  3 ) and 
s u b s e q u e n tly  u sed  by o th e r s  (11 , 1 2 , 1 4 ) .
The f  in i t e - e le m e n t  method has been  u se d  by W alker (2 4 ) and Wempner 
and P a t r i c k  (2 7 ) t o  f in d  e q u i l ib r iu m  c o n f ig u r a t io n s  o f  a rc h e s  lo ad ed  w ith  
a  s in g l e  v e r t i c a l  c o n c e n tra te d  lo a d .  W alker u se d  sh a llo w  a rc h  a p p ro x i­
m a tio n s , w h ile  Wempner and P a t r i c k  d id  n o t .  In  t h e  f i n i t e - e l e m e n t  method
t h e  c o n tin u o u s  a rc h  i s  r e p la c e d  by a  s e t  o f  d i s c r e t e  e le m e n ts , each  o f 
w hich  h as  a  f i n i t e  number o f d e g re e s  o f  freed o m . The e q u i l ib r iu m  o f  each 
e lem en t and c o m p a t ib i l i ty  be tw een  e le m e n ts  le a d s  t o  a  s e t  o f  n o n l in e a r  
a lg e b r a ic  e q u a tio n s  w hich  m ust be  s o lv e d  n u m e r ic a l ly .
O th e r i n v e s t i g a to r s  h av e  u sed  n u m e r ic a l  p ro c e d u re s  t o  a t t a c k  th e  
e x a c t  n o n l in e a r  b o u n d a ry -v a lu e  p ro b lem  d i r e c t l y .  Tadjbalchsh and Odeh 
(1 0 , 22) found some e q u i l ib r iu m  c o n f ig u r a t io n s  f o r  in e x te n s ib le  r in g s  
lo a d ed  w ith  a  h y d r o s ta t i c  p r e s s u r e  u s in g  N ewton-Raphson i t e r a t i o n  in  
fu n c t io n  sp a c e . N u m erica l i n t e g r a t i o n  te c h n iq u e s  f o r  n o n l in e a r  i n i t i a l -  
v a lu e  p rob lem s such  a s  R u n g e-K u tta  o r  p r e d i c t o r - c o r r e c t o r  m ethods may be 
u sed  t o  s o lv e  n o n l in e a r  b o u n d a ry -v a lu e  p ro b le m s , p ro v id e d  t h a t  some 
schem e i s  d e v ise d  t o  s a t i s f y  th e  b o undary  c o n d i t io n s  a t  b o th  e n d s . Such 
te c h n iq u e s  a r e  commonly r e f e r r e d  t o  a s  s h o o t in g  m ethods. H u d d lesto n  (7 ) 
u sed  a  s h o o tin g  m ethod t o  s tu d y  e x t e n s i b l e  a r c h e s .  He a l s o  u sed  sh o o tin g  
m ethods f o r  s tu d y in g  th e  b e h a v io r  o f  o th e r  s t r u c t u r e s  (6 , 8 ) .
Scope o f  t h e  P r e s e n t  S tu d y
The im petus f o r  t h i s  s tu d y  came from  th e  p re v io u s  i n v e s t i g a t i o n s  o f  
Cenap Oran and th e  a u th o r  (1 7 ) .  T h ese  in v e s t i g a to r s  u sed  l i n e a r  c l a s s ­
i c a l  b u c k lin g  th e o ry  t o  f i n d  th e  b u c k lin g  lo a d s  f o r  in e x te n s ib le  c i r c u ­
l a r  a rc h e s  u n d e r th e  a c t i o n  o f f u n i c u l a r  lo a d in g s ,  th e  o n ly  c a s e  f o r  
w hich  t h a t  th e o ry  g iv e s  c o r r e c t  r e s u l t s .  The p r e s e n t  s tu d y  was an a tte m p t 
t o  d e v is e  a  means o f  d e te rm in in g  th e  b u c k lin g  lo a d s  f o r  e x te n s ib le  a rc h e s  
w ith  n o n - f u n ic u la r  lo a d in g s  w hich  a r e  n o t  a c c e s s ib l e  t o  l i n e a r  c l a s s i c a l  
b u c k lin g  th e o ry .
8In  C h ap te r 2 a  n o n l in e a r  b o u n d a ry -v a lu e  prob lem  g o v e rn in g  th e  s t a t i c  
b e h a v io r  o f  c i r c u l a r  a rc h e s  i s  d e r iv e d .  I t  i s  e x a c t  w i th in  th e  fo llo w in g  
s e t  o f  a ssu m p tio n s :
1 . In  th e  undeform ed (u n lo a d e d )  c o n f ig u r a t io n  th e  c e n t r o id a l  
a x is  o f  th e  a rc h  i s  an  a rc  o f  a  c i r c l e .  The undeform ed geom etry  
o f  th e  a rc h  in c lu d in g  th e  b o u n d a r ie s  i s  assum ed t o  be sym m etric  
about, a  v e r t i c a l  l i n e  p a s s in g  th ro u g h  th e  i n i t i a l  c e n te r  o f  c u rv ­
a tu r e .  The deform ed c e n t r o i d a l  a x i s  i s  c o n s t r a in e d  so  t h a t  i t  
rem ains in  a  p la n e .
2 . E n g in e e rin g  beam th e o r y  i s  u s e d . T h is  assum es t h a t  m a te r ia l  
p la n e s  w hich a r e  norm al t o  th e  a rc h  c e n t r o id a l  a x is  in  th e  un­
deform ed c o n f ig u r a t io n  rem a in  p la n e  and norm al to  th e  c e n t r o id a l  
a x is  as th e  a r c h  d e fo rm s . D e fo rm a tio n s  o f  th e  a rc h  due t o  s h e a r  
a re  n e g le c te d .  T hese  a ssu m p tio n s  im ply  t h a t  th e  o n ly  im p o r ta n t 
e f f e c t  o f  th e  lo a d in g  on th e  a r c h  i s  th e  o n e -d im e n s io n a l s t r a i n ­
in g  o f  f i b e r s  o f  th e  a rc h  w h ich  a r e  norm al t o  th e  c r o s s - s e c t i o n a l  
p la n e s .
3 . The a rc h  i s  assum ed t o  be  t h i n ,  i . e .  i t s  th ic k n e s s  i s  much 
s m a lle r  th a n  i t s  r a d i u s .
4 . The l i n e a r  and hom ogeneous o n e -d im e n s io n a l c o n s t i t u t i v e  equa­
t i o n  r e l a t i n g  f i b e r  s t r e s s  t o  f i b e r  s t r a i n  i s  u se d .
5 . Only c o n s e rv a t iv e  lo a d in g s  a r e  c o n s id e re d .
I n  th e  A ppendix a  s h o o t in g  m ethod i s  d e v e lo p e d  f o r  s o lv in g  th e  bound­
a r y - v a lu e  p rob lem . An a lg o r i th m  c a l l e d  SYM, w hich  u se s  th e  s h o o tin g  method 
and i s  d esig n ed  to  f in d  a rc h  c o n f ig u r a t io n s  t h a t  a r e  g e o m e tr ic a l ly  sym­
m e t r ic ,  i s  d e s c r ib e d . The sy m m etric  c o n f ig u r a t io n s  a r e  found f o r  su c ­
c e s s iv e  v a lu e s  o f  th e  lo a d  p a ra m e te r .  By a  te c h n iq u e  o f  fo l lo w in g  a  p lo t  
o f  lo a d  p a ra m e te r v e r s u s  th e  v e r t i c a l  d e f l e c t i o n  o f  th e  m id p o in t o f  th e  
a r c h ,  th e  lo a d  v a lu e s  a r e  in c r e a s e d  u n t i l  a  r e l a t i v e  maximum in  t h a t  
c u rv e  i s  re a c h e d , and a f t e r  t h a t  t h e  lo a d  p a ra m e te r  i s  d e c re a s e d . T hese 
co m p u ta tio n s  a re  te rm in a te d  a f t e r  t h e  f i r s t  d e c re a s e  in  th e  lo a d  param ­
e t e r  s in c e  th e  c o n f ig u r a t io n s  c o r re s p o n d in g  t o  th e  i n i t i a l  p o r t io n  o f  th e  
c u rv e  in c lu d in g  th e  r e l a t i v e  maximum a r e  th e  ones o f  p rim ary  i n t e r e s t .
F o r some a rc h e s  th e  sym m etric  c o n f ig u r a t io n  becom es u n s ta b le  a t  a  lo a d  
p a ra m e te r  v a lu e  l e s s  th a n  th e  maximum one found  by a lg o r i th m  SYM, and 
t h e  a rc h  b u c k le s  ( b i f u r c a t e s )  t o  an a d ja c e n t  a sy m m etric  c o n f ig u r a t io n .
The s h o o tin g  method i s  u sed  in  a n o th e r  a lg o r i th m  c a l l e d  ASYM w hich i s  
a l s o  d e s c r ib e d  in  th e  A ppendix . ASYM i s  u se d  t o  f in d  some o f  th e  a d ja ­
c e n t  asym m etric  e q u i l ib r iu m  c o n f ig u r a t io n s  and t o  com pute th e  lo a d  param ­
e t e r  v a lu e  a t  w hich b i f u r c a t i o n  o c c u r s .
I n  C h a p te r  3 r e s u l t s  a r e  p re s e n te d  f o r  s e v e r a l  d i f f e r e n t  undeform ed 
g e o m e tr ie s  and f o r  two d i f f e r e n t  lo a d in g  c a s e s ,  h y d r o s t a t i c  lo a d in g  and 
a  v e r t i c a l  lo a d in g . The l a t t e r  c o n s i s t s  o f a  p r e s s u r e  w hich  i s  u n ifo rm ly  
d i s t r i b u t e d  w ith  r e s p e c t  t o  th e  undeform ed a rc  le n g th  and rem ains in  th e  
v e r t i c a l  d i r e c t i o n .  T h is  l a t t e r  casew as ch o sen  b e c a u se  i t  had n o t  been  
s tu d ie d  by any  o f  t h e  p re v io u s  i n v e s t i g a t o r s .
No a t te m p t  was made t o  v a ry  a l l  t h e  p a ra m e te rs  in  th e  p rob lem . The
a u th o r  f e e l s  t h a t  i t  i s  im p o ss ib le  t o  p ic k  a  ra n g e  o f  p a ra m e te r  v a lu e s
I
o r  a  p a r t i c u l a r  lo a d in g  c a s e  w hich w i l l  be  d i r e c t l y  u s e f u l  t o  p r a c t i c i n g  
e n g in e e rs .^  I f  a  p r a c t i c i n g  e n g in e e r  f e e l s  t h a t  n o n l in e a r  e f f e c t s  a r e  
im p o r ta n t in  a  g iv e n  s t r u c t u r e ,  he can  u s e  a  m ethod su ch  as  t h e  one p r e ­
s e n te d  h e re  t o  a n a ly z e  th e  b e h a v io r  o f  t h a t  s t r u c t u r e .  In  a  s e n s e , a l l  
t h a t  i s  p r e s e n te d  h e re  i s  a  f e a s i b i l i t y  s tu d y  i l l u s t r a t i n g  th e  s h o o tin g  
m ethod f o r  s o lv in g  th e  b o u n d a ry -v a lu e  p ro b lem .
In  C h a p te r  4 some c o n c lu s io n s  a r e  p r e s e n te d .  T h ese  a r e  l im i t e d  by 
t h e  d i f f i c u l t y  in  g e n e r a l iz in g  from  th e  r e s u l t s  o f  t h e  n u m e ric a l so ­
l u t i o n  o f  a  sm a ll number o f  s p e c ia l  p ro b le m s .
CHAPTER 2 . FORMULATION OF THE BOUNDARY-VALUE PROBLEM
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In  t h i s  c h a p te r  th e  p rob lem  o f  d e te rm in in g  th e  e q u i l ib r iu m  c o n f ig u r ­
a t i o n s  o f  p la n e  a rc h e s  u n d e rg o in g  f i n i t e  d e fo rm a tio n s  i s  fo rm u la te d  as a  
b o u n d a ry -v a lu e  p roblem  o f  s i x  s im u lta n e o u s  f i r s t - o r d e r  o rd in a r y  d i f f e r e n ­
t i a l  e q u a t io n s .  F i r s t  th e  d i f f e r e n t i a l  e q u a t io n s ,  boundary  c o n d i t io n s ,  
and  c o n s t i t u t i v e  e q u a tio n s  w i l l  be  d e r iv e d ,  and th e n  th e s e  r e l a t i o n s  w i l l  
b e  c a s t  in  a  n o n d im en sio n a l form  by in t r o d u c in g  a  c o n v en ien t, s e t  o f  d i -  
m e n s io n le s s  q u a n t i t i e s .
The fo llo w in g  n o t a t i o n a l  c o n v e n tio n s  w i l l  b e  u s e d :
1 . Symbols d e n o tin g  v e c to r  q u a n t i t i e s  w i l l  be  u n d e r l in e d ,  e .g .
2 . A l l  d im e n s io n a l q u a n t i t i e s  w i l l  be  d e n o te d  by m a ju sc u le  l e t ­
t e r s .  I f  a  d im e n s io n le s s  q u a n t i ty  c o r re s p o n d in g  t o  a  g iv e n  dim en­
s io n a l  q u a n t i ty  i s  n e ed e d , i t  w i l l  b e  d e n o te d  by th e  c o rre sp o n d in g  
m in u sc u le  l e t t e r .  A ll  o th e r  d im e n s io n le s s  q u a n t i t i e s  w i l l  a l s o  be 
d e n o te d  by m in u sc u le  l e t t e r s .
3 . Components o f  v e c to r  q u a n t i t i e s  w i l l  be  d e n o te d  by s u b s c r ip t s  
a f f i x e d  to  th e  symbol d e n o tin g  th e  v e c t o r .
D i f f e r e n t i a l  G eom etry o f  th e  D eform ed A rch
Any g e o m e tr ic a l  c o n f ig u r a t io n  o f  a  p la n e  a r c h  i s  c o m p le te ly  s p e c i f i e d  
by  th e  p o s i t i o n  v e c to r  o f  th e  c e n t r o i d a l  a x i s  o f  th e  a r c h ,  £ ( S ) ,  a s  shown 
i n  F ig . 2 .1 .  The v a r i a b l e  S i s  t h e  a r c  le n g th  m easu red  from  some conve­
n i e n t  r e f e r e n c e  p o in t .  The com ponents o f  £  w ith  r e s p e c t  t o  th e  r i g h t -  
handed  c a r t e s i a n  c o o r d in a te  sy s te m  shown a r e  d e n o te d  a s  X and Y, r e s p e c ­
t i v e l y .
The u n i t  ta n g e n t  v e c to r  jt(S )  i s  g iv e n  in  te rm s  o f  £  a s
t  = dQ/dS (2 . 1 )
t ( S )
.v(S )c e n t r o i d a l  a x is
n (S )
fi(S )




F ig .  2 ,2  S ig n  C onven tion  Cor I n t e r n a l  
S t r e s s  R e s u l ta n ts
12
The ta n g e n t  a n g le  v (S )  i s  d e f in e d  as  th e  a n g le  betw een  th e  p o s i t i v e  X- 
a x i s  and t ,  w ith  th e  c o u n te rc lo c k w is e  d i r e c t i o n  c o n s id e re d  p o s i t i v e .  The 
fo llo w in g  r e l a t i o n s  e x i s t  betw een t ,  v ,  and £
t x  = co sv  a  dX/dS < 2 .2 )
t y  a  s in v  = dY/dS ' ( 2 .3 )
The c u r v a tu r e  K i s  d e f in e d  as
K a  -d v /d S  ( 2 .4 )
As shown in  F ig .  2 .1 ,  n (S )  i s  d e f in e d  t o  be th e  u n i t  v e c to r  w hich  i s  p e r ­
p e n d ic u la r  t o  jb and p o in t s  to  th e  r i g h t  as  th e  c e n t r o id a l  a x i s  i s  f o l ­
lowed in  t h e  d i r e c t i o n  o f  in c r e a s in g  S .
E q u i l ib r iu m  E q u a tio n s  
The e q u i l ib r iu m  e q u a t io n s  a r e  d e r iv e d  by r e q u i r in g  t h a t  th e  r e s u l t a n t  
o f  a l l  t h e  f o r c e s  and moments a c t i n g  on th e  f r e e -b o d y  d iag ram  o f  an e l e ­
m ent o f  t h e  a rc h  o f  le n g th  AS v a n is h e s  in  th e  l i m i t  a s  AS-—0 . T h is  
f r e e -b o d y  d iag ram  i s  shown in  F ig .  2 .3 .
The r e s u l t a n t  o f  th e  i n t e r n a l  s t r e s s e s  i s  ta k e n  a s  a  f o r c e  F (S ) and 
a  c o u p le  M (S). The com ponents o f  F in  th e  norm al and t a n g e n t i a l  d i r e c ­
t i o n s  a r e  d e n o ted  a s  Fn and Ft , r e s p e c t i v e l y .  The s ig n  c o n v e n tio n  f o r  
t h e s e  q u a n t i t i e s  i s  shown in  F ig . 2 .2 ,  w here th e  s t r e s s  r e s u l t a n t s  a r e  
shown a s  v e c t o r s ,  and th e  u n i t  v e c to r  k  = i x j .
The e x t e r n a l l y  a p p l ie d  lo a d in g  c o n s id e re d  i s  a  p r e s s u r e  P (S )  d i s t r i b ­
u te d  a lo n g  th e  c e n t r o i d a l  a x i s  o f  th e  a rc h . The norm al and t a n g e n t i a l  
com ponents o f  P a r e  d e n o ted  a s  Pn  and Pt , r e s p e c t i v e l y .  No e x t e r n a l l y  




-M(S+ AS)k-F (S )
M(S)k
F(S+ AS)
F ig . 2 .3  F ree-B ody  Diagram  
o f  an Arch E lem ent
Y
F ig .  2 .4  Undeformed Arch
R e q u ir in g  th e  r e s u l t a n t  f o r c e  t o  v a n is h  y i e ld s
f ^  ^
F (S + A S ) ~F(S) + J  P (S )dS  = 0 ( 2 .5 )
S
w here S i s  a  dummy v a r i a b l e  o f  i n t e g r a t i o n  and 0 i s  th e  n u l l  v e c t o r .
A f te r  d iv id in g  b o th  s id e s  o f  Eq. 2 .5  b y A S  and ta lc in g  th e  l i m i t  a s A S - * 0 ,  
i t  becom es
dF/dS +P = 0 ( 2 .6 )
To e v a lu a te  dF /dS  i t  i s  c o n v e n ie n t to  w r i t e  F in  th e  com ponent form
F = Fnn +Ft t  ( 2 .7 )
D i f f e r e n t i a t i n g  E q. 2 .7  w ith  r e s p e c t  t o  S y i e ld s
dF /dS  = dPn/d S  n +Fn dn /dS  +dFt /d S  t  +Ffc d t /d S  ( 2 .8 )
The v e c to r s  n and t  may be e x p re s s e d  in  te rm s  o f  v  and th e  c a r t e s i a n  b a s e  
v e c to r s  jL and j  a s
n  = s in v  i. - c o s v  j  ( 2 .9 )
t  =: c o sv  i + s in v  j  ( 2 .1 0 )
D i f f e r e n t i a t i n g  th e s e  w ith  r e s p e c t  t o  S and u s in g  E q. 2 .4  y i e ld s
dn /dS  = -K t (2 .1 1 )
d t /d S  = ICn ... ( 2 .1 2 )
S u b s t i t u t i n g  E q s. 2 .1 1  and 2 .1 2  i n t o  Eq. 2 .8  and th e n  s u b s t i t u t i n g  t h a t  
r e s u l t  in  E q. 2 .6  r e q u i r e s  t h a t
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dFn/d S  +KFt  +Pn = 0 (2 .1 3 )
dFt /d S  -KFn  +Pt  b 0 (2 .1 4 )
R e q u ir in g  th e  sum o f  th e  moments a b o u t t h e  l e f t  end t o  v a n is h  y ie ld s
-k[:M (S+A S) -M(S)J + [£ (S + A S ) -Q (S)] X F (S + A S )
r S+A S __ (2 .1 5 )
+ J {[S<s > - 2 <s >]x  £(S)}dS  = o
D iv id in g  b o th  s id e s  o f  Eq. 2 .1 5  by AS and ta k in g  th e  l i m i t  a s A S — 0 g iv e s  .
-dM/dS k  +dQ/dS X F = 0 (2 .1 6 )
U sing E qs. 2 .1  and 2 .7  and p e rfo rm in g  th e  c ro s s  p ro d u c t y ie ld s
dM/dS +Fn = 0  (2 .1 7 )
Undeformed G eom etry 
T h is  s tu d y  i s  l im i t e d  t o  a rc h e s  w ith  undeform ed c o n f ig u r a t io n s  w hich 
a r e  c i r c u l a r  and sy m m etric  a b o u t a  v e r t i c a l  l i n e .  The undeforraed geome­
t r y  o f  su ch  an a r c h  i s  c o m p le te ly  s p e c i f i e d  by th e  q u a n t i t i e s  L and a ,
w hich a r e  d e f in e d  a s  o n e - h a l f  th e  a r c  le n g th  o f  t h e  undeform ed a rc h  and 
o n e - h a lf  o f  th e  su b te n d e d  a n g le ,  r e s p e c t i v e l y .  See F ig .  2 .4 .
A ll  q u a n t i t i e s  a s s o c ia te d  w ith  th e  undeform ed c o n f ig u r a t io n  a re  de­
n o te d  by th e  s u b s c r ip t  o . Thus SQ, Qq  = X ^i +Yq2 , and v q a re  t h e  a rc
le n g th ,  p o s i t i o n  v e c t o r ,  and ta n g e n t  a n g le ,  r e s p e c t i v e l y ,  f o r  th e  unde­
form ed c o n f ig u r a t io n  o f  th e  a r c h .  SQ i s  alw ays m easured  from  th e  c e n te r  
p o in t  o f  th e  a rc h  c e n t r o i d a l  a x i s ,  and th e  o r ig i n  o f  th e  c a r t e s i a n  c o o r­
d in a te  sy stem  i s  a lw ays ta k e n  a s  th e  c e n te r  o f  c u r v a tu r e  o f  th e  undeform ed 
a r c h .  From th e  g eo m etry  o f  F ig .  2 .4  i t  fo llo w s  t h a t
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W  s  Rosin (S o /Ro) (2 .1 8 )
V So> = RoCos(So/Ro) (2 .1 9 )
(2 .20)
w here RQ = L /a  = r a d iu s  o f  undeform ed  a r c h .
B oundary C o n d itio n s  
The a rc h e s  a r e  c o n s id e re d  t o  be  s u p p o r te d  a t  e ach  o f  t h e i r  ends (SQ = 
*L) by two l i n e a r l y  e l a s t i c  s p r in g s ,  one o f  w hich r e s i s t s  t r a n s l a t i o n  
a lo n g  a  g i v e n 'l i n e  a n d 'th e  o th e r  w hich  r e s i s t s  r o t a t i o n  o f  th e  en d , as  
shown in  F ig ,  2 .4 .  Only sym m etric  s p r in g s  a r e  c o n s id e re d ,  t h a t  i s  th e  
s p r in g  c o n s ta n ts  a r e  th e  same f o r  b o th  ends o f  th e  a rc h  and th e  l i n e  o f  
t r a n s l a t i o n  a t  one end i s  t h e  m ir r o r  im age o f  th e  c o rre sp o n d in g  l i n e  f o r  
t h e  o th e r  'en d . The s p r in g  c o n s ta n t s  f o r  th e  r o t a t i o n a l  and t r a n s l a t i o n a l  
s p r in g s  a r e  d en o ted  by G and H, r e s p e c t i v e l y ,  and th e  a n g le  betw een th e  
l i n e  o f  t r a n s l a t i o n  and th e  c h o rd  c o n n e c tin g  th e  two b o undary  p o in ts  in  
t h e i r  undeform ed p o s i t io n s  i s  d e n o ted  by w, a s  shoxm in  F ig . 2 .4 .
A t e ach  end o f  th e  a rc h  t h r e e  b o undary  c o n d i t io n s  a r e  p r e s c r ib e d .
T hese  c o n d i t io n s  a r e  r e l a t i o n s  betw een th e  v a lu e s  o f  th e  s i x  fu n c t io n s  -  
Fn , Ft , M, X, Y, and v -  a t  e ac h  end o f th e  a r c h .  The boundary  c o n d it io n s  
fo l lo w  from  th e s e  t h r e e  r e q u ir e m e n ts :
1 . The i n t e r n a l  moment a t  th e  end o f  th e  a rc h  m ust be e q u a l in  
m ag n itu d e  and o p p o s i te  in  d i r e c t i o n  to  t h e  r e s i s t i n g  moment 
p ro v id e d  by th e  l i n e a r l y  e l a s t i c  r o t a t i o n a l  s p r in g .
2 . The ends o f  t h e  a rc h  a r e  c o n s t r a in e d  t o  rem ain  on th e  l i n e  
o f  t r a n s l a t i o n .
3 . The com ponent o f  t h e  i n t e r n a l  f o r c e  a t  e ach  end o f th e  a rc h
in  th e  d i r e c t i o n  o f  th e  l i n e  o f  t r a n s l a t i o n  m ust be e q u a l in
m ag n itu d e  and o p p o s i te  in  d i r e c t i o n  to  th e  r e s i s t i n g  f o r c e  p ro ­
v id e d  by th e  l i n e a r l y  e l a s t i c  t r a n s l a t i o n a l  s p r in g .
A p ply ing  th e s e  re q u ire m e n ts  a t  t h e  l e f t  end in  th e  g iv e n  o rd e r  y ie ld s
M = G (a -v )  (2 .2 0 )
Y -R Qc o sa  
X +RQs in a
= tan w  (2 .2 1 )
X +R0 s in a
Fn s in (v -w )  +Ffcc o s(v -w ) = H---------------- (2 .2 2 )
cosw
S im i la r ly  a t  t h e  r i g h t  end th e  bo u n d ary  c o n d i t io n s  a r e
M = G (a+v) (2 .2 3 )
Y ~Rcc o sa
Rc s in a  -X
= ta n w  (2 .2 4 )
X -R 0 si.na 
cosw
Fn sin (v + w ) +Ft cos(v+ w ) = H---------------- (2 .2 5 )
S t r a i n  M easures and C o n s t i t u t i v e  E q u a tio n s  
To co m p le te  th e  fo r m u la t io n ,  c o n s t i t u t i v e  e q u a tio n s , w hich  a r e  r e l a ­
t io n s h ip s  betw een th e  i n t e r n a l  s t r e s s  r e s u l t a n t s  and s u i t a b ly  d e f in e d  
m easu res  o f  th e  i n t e r n a l  s t r a i n s ,  a r e  n e ed e d . E n g in e e r in g  beam th e o ry  
w ith  s h e a r in g  s t r a i n s  n e g le c te d  i s  u sed  t o  d e r iv e  t h e s e  e q u a t io n s .  The 
s t r a i n  m easu res  a r i s e  from  a  co m p ariso n  o f  a  deform ed e lem en t o f  th e  a rc h  
w ith  th e  c o rre sp o n d in g  e lem en t o f  th e  undeform ed a rc h .  B oth  o f  th e s e  
e lem en ts  a r e  shown in  F ig .  2 .5 .  F i r s t  t h e  s t r a i n  m easure  e, w hich  i s  
c a l l e d  th e  e x te n s io n , i s  d e f in e d  a s
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As ~As0
= dS /dS D -1  ( e >  -1 ) (2 .2 6 )e  = l i m i t
As0—0 Aso
The n e c e s s i t y  o f  th e  r e s t r i c t i o n  e > ~ l  may be seen  by s o lv in g  Eq. 2 .2 6
f o r  dS w hich  y i e ld s
dS = ( l+ e )d S 0 (2 .2 7 )
S in c e  b o th  th e  q u a n t i t i e s  dS and dSc  a r e  i n h e r e n t ly  g r e a t e r  th a n  z e ro  
( th e y  a re  l e n g th s ) ,  i t  fo llo w s  from  Eq. 2 .2 7  t h a t  1+e m ust b e  g r e a t e r  
th a n  z e ro  w hich  r e q u i r e s  t h a t  e > - l .
The le n g th  o f  a  " f i b e r "  o f  th e  undeforraed e lem en t i s  d e n o ted  by AC0 
and th e  le n g th  o f t h e  c o rre sp o n d in g  f i b e r  in  t h e  deform ed  e lem en t by AC. 
The lo c a t io n  o f  th e  f i b e r  b e in g  c o n s id e re d  i s  s p e c i f i e d  by  t h e  d i s t a n c e  Z 
w hich  i s  m easured  a s  shown in  F ig . 2 .5 .  F o llo w in g  e n g in e e r in g  beam th e o r y  
i t  i s  assum ed t h a t  e ach  c r o s s - s e c t i o n a l  p la n e  re m a in s  p e r p e n d ic u la r  t o  t h e  
c e n t r o i d a l  a x i s  and s u f f e r s  no d e fo rm a tio n .
Then th e  e n g in e e r in g  s t r a i n  € o f  th e  f i b e r  a t  Z i s  d e f in e d  a s
In  th e  l i m i t  a s A S o— 0 th e  undeform ed and deform ed e le m e n ts  o f  th e  a rc h  
may be  c o n s id e re d  a s  c i r c u l a r  r in g  segm ents o f  r a d i i  R0 and R, r e s p e c t ­
i v e l y .  From th e  geom etry  o f th e  e lem en ts  i t  fo l lo w s  t h a t
Ac _ Ac0
(2 .2 8 )€ = l i m i t = dC/dCQ -1
Ac0—o Ac0
Ac R +zo o











F ig . 2 .5  Undeformed and Deformed 
A rch E lem en ts
dS s  (l+e)dS
•Deformed
KdS = K(l+e)dS
F ig .  2 .6  Aid in  P h y s ic a l 
I n t e r p r e t a t  io n  
o f  B
Undeformed C e n tro id a l  A xis
Deformed C e n tro id a l  A xis
Q + Q’dS
F ig . 2 .7  A rea E lem ent
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A c  R +Z
(2 .3 0 )
A S R
S u b s t i t u t i n g  th e s e  i n t o  E q. 2 .2 8  y i e l d s
(R+Z)A S
R
€ = l i m i t (2 .3 1 )
A s 0-~ o  (R0+ Z )A S 0
R.o
w here  KQ = 1/R Q = th e  c u r v a tu r e  o f  th e  undeform ed a r c h .  
S u b s t i t u t i n g  E q, 2 .2 6  in to  Eq. 2 .3 1  and com bin ing  te rm s  le a d s  to
I t  i s  a l s o  assum ed t h a t  th e  th ic k n e s s  o f  th e  a rc h  i s  much s m a l le r  th a n  
th e  i n i t i a l  r a d iu s  (w hich  im p lie s  t h a t  KQZ « l ) .  U sing t h i s  and i n t r o ­
d u c in g  th e  s t r a i n  m easure  B, c a l l e d  th e  b e n d in g , d e f in e d  a s
W hile many a u th o rs  have u sed  th e  e x te n s io n a l  s t r a i n  m easure  e ,  th e  
b en d in g  s t r a i n  m easure  B was in tr o d u c e d  by Antman ( 1 ) .  To g a in  a  p h y s i­
c a l  u n d e rs ta n d in g  o f  th e  s t r a i n  m easu re  Bf c o n s id e r  F ig . 2 .6  w hich  shows 
an i n f i n i t e s i m a l  e lem en t o f  th e  undeform ed  a rc h  and th e  c o rre sp o n d in g  
i n f i n i t e s i m a l  e lem en t o f  t h e  deform ed  a r c h .  B oth o f  th e s e  e lem en ts  may
e  + [( l+ e )K  -K0] z
(2 .3 2 )
1 +KqZ
B s  ( l+ e )K  -Kc (2 .3 3 )
E q . 2 .3 2  becomes
(2 .3 4 )
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be  c o n s id e re d  a s  segm ents o f  c i r c u l a r  r in g s  w ith  r a d i i  RQ and R and 
le n g th s  dSQ and dS = ( l+ e )d S of r e s p e c t iv e ly .  In  th e  f i g u r e  each  o f  th e s e  
e le m e n ts  has been d is p la c e d  a s  a  r i g i d  body u n t i l  t h e  c r o s s - s e c t i o n  o f 
i t s  l e f t  end i s  v e r t i c a l .  Such r i g i d  body d isp la c e m e n ts ’ have  no e f f e c t  
on th e  s t r a i n  m e a su re s , B and e .  The a n g le  betw een th e  r i g h t  hand c r o s s -  
s e c t io n  o f  th e  undeform ed e lem en t and a  v e r t i c a l  l i n e  i s  K0dS0 , w h ile  th e  
c o r re sp o n d in g  q u a n t i t y  f o r  th e  deform ed e lem en t i s  KdS = K (l+ e )d S 0 .  The 
d i f f e r e n c e  o f  th e s e  two a n g le s ,  KdS -K0dS0 = |k ( l+ e )  -IC0J dSQ = BdSo l i s  
th e  c lo c k w is e  r o t a t i o n  o f  t h e  deform ed r i g h t  c r o s s - s e c t i o n a l  p la n e  from  
th e  undeform ed r i g h t  c r o s s - s e c t i o n a l  p la n e .  In  te rm s  o f  th e  geo m etry  o f  
th e s e  e le m e n ts  in  t h e i r  a c tu a l  p o s i t io n s  (w ith o u t th e  a r t i f i c i a l l y  i n t r o ­
duced  r i g i d  body d is p la c e m e n ts ) ,  BdSQ i s  th e  sum o f  th e  c lo c k w is e  r o t a t i o n  
o f  t h e  l e f t  end o f  th e  e lem en t and th e  c o u n te rc lo c k w is e  r o t a t i o n  o f  th e  
r i g h t  end o f  th e  e le m e n t, b o th  m easured from  th e  undeform ed  c o n f ig u r a t io n .
A cco rd in g  t o  e n g in e e r in g  beam th e o ry  i t  i s  assum ed t h a t  t h e  one-d im ­
e n s io n a l  c o n s t i t u t i v e  e q u a tio n
cr = Ee ( 2 .3 5 )
i s  v a l i d ,  w here cr i s  th e  f i b e r  s t r e s s  and E i s  th e  m odulus o f  e l a s t i c i t y .
In  te rra s  o f  cr t h e  i n t e r n a l  s t r e s s  r e s u l t a n t s ,  Ft  and M, a r e  g iv e n  a s
Ft  b / adA  (2 .3 6 )
A
and
M = /c rZ d A  (2 .3 7 )
A
w here t h e  i n t e g r a t i o n  i s  o v e r th e  c r o s s - s e C t io n a l  a r e a .  From E q s. 2 .3 6 ,
2 .3 5 ,  and 2 .3 4  th e  fo l lo w in g  c o n s t i t u t i v e  e q u a tio n  f o r  Ft
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Ft  a  EAe (2 .3 8 )
i s  o b ta in e d ,  w here A i s  th e  c r o s s - s e c t i o n a l  a r e a .  From E q s . 2 .3 7 ,  2 .3 5 ,  
and 2 .3 4  t h e  c o n s t i t u t i v e  e q u a tio n  f o r  M
f o l lo w s ,  w here  I  i s  th e  second  moment o f  th e  a r e a  o f  th e  c r o s s - s e c t i o n .  
S in c e  s h e a r in g  s t r a i n s  a r e  n e g le c te d  th e r e  i s  no c o n s t i t u t i v e  e q u a tio n  
f o r  t h e  s h e a r  f o r c e  Fn . The c o n s t i t u t i v e  E qs. 2 .3 8  and 2 .3 9 , w h ich  a r e  
l i n e a r  and hom ogeneous, a r e  s p e c i a l  c a s e s  o f  th e  more g e n e r a l  c o n s t i t u t i v e  
e q u a t io n s  g iv e n  by Antman (1 )  f o r  h y p e r e l a s t i c  b a r s .  F or th e  im p o r ta n t 
s p e c i a l  c a s e  o f  an in e x te n s ib l e  a rc h  (e  = 0 ) ,  th e  o n ly  a p p l i c a b le  c o n s t i ­
t u t i v e  e q u a tio n  i s  Eq. 2 .3 9 ,  w hich  becomes th e  f a m i l i a r
F o rm u la tio n  a s  a B oundary-V alue Problem  
I t  i s  c o n v e n ie n t to  change  th e  in d e p en d e n t v a r i a b l e  from  S t o  SQ. To 
t h i s  end th e  c h a in  r u l e
i s  u se d  t o  c o n v e r t  th e  d e r i v a t i v e s .  A pp ly ing  Eq. 2 .4 1  t o  E q s. 2 .1 3 ,  2 .1 4 ,
M = EIB (2 .3 9 )
M = EI(K  -K0 ) ( 2 .4 0 )
(2 .4 1 )
2 .1 7 ,  2 .2 ,  2 .3 ,  and 2 .4 ,  and m u l t ip ly in g  b o th  s id e s  o f  e ach  e q u a tio n  by
1+e, i t  fo l lo w s  t h a t
V o  = -< l+ e)K F t  -P on (2 .4 2 )
dFt /d S 0 = (l+ e)K Fn -P o t (2 .4 3 )
w here  £0^ 0  ^ = ( l +e ) £ ( s ( s 0 ) )  a a p p l ie d  lo a d in g  p e r  u n i t  undeform ed 
l e n g th ,  and
dM/dS0 = - ( l+ e ) F n (2 .4 4 )
dX/dSQ = ( l+ e )c o s v  (2 .4 5 )
dY/dSc = ( l+ e ) s in v  (2 .4 6 )
d v /d S Q = - ( l+ e ) K  (2 .4 7 )
The s i x  f i r s t - o r d e r  d i f f e r e n t i a l  e q u a t io n s  ab o v e , t h e  s t r a i n  m easure  
d e f i n i t i o n s  (E q s . 2 .2 6  and 2 .3 3 ) ,  th e  c o n s t i t u t i v e  e q u a t io n s  (E q s. 2 .3 8  
and 2 .3 9 ) ,  and th e  b o undary  c o n d i t io n s  (E qs. 2 .2 0 - 2 .2 5 ) ,  form  a  b o u n d ary - 
v a lu e  p ro b lem  f o r  th e  d e te r m in a t io n  o f  th e  d ep en d en t v a r i a b l e s  -  F , M, 
v ,  e ,  d S /d S D, K and B -  w ith  SQ as  th e  in d e p en d e n t v a r i a b l e .
F o rm u la tio n  in  Terms o f D jm e n sio n le ss  Q u a n t i t i e s  
In  t h i s  s tu d y  th e  a p p l ie d  lo a d in g s  t o  be c o n s id e re d  l a t e r  can  be sp e c ­
i f i e d  by a  s i n g l e  p a ra m e te r  P . W ith th e  r e s t r i c t i o n  t h a t  E l  and  EA a re  
n o t  f u n c t io n s  o f  SQ, t h e  fo llo w in g  c o n s ta n t  q u a n t i t i e s  (s y s te m  p r o p e r t i e s )  
-  E l ,  EA, a ,  L , G, H, and w -  a p p e a r  in  th e  b o u n d a ry -v a lu e  p ro b lem . Thus 
t o  f in d  a l l  t h e  e q u i l ib r iu m  c o n f ig u r a t io n s  ( s p e c i f i e d  by th e  d ep en d en t 
v a r i a b l e s  F , M, Q, v ,  e t c . )  o f  a l l  th e  a rc h e s  c o n s id e re d  in  t h i s  s tu d y  i t  
i s  n e c e s s a r y  t o  v a ry  each  o f  th e  e ig h t  q u a n t i t i e s  -  P , E l ,  EA, a ,  L, G,
H, and w -  in d e p e n d e n t ly .  T h is  in  i t s e l f  i s  a  fo rm id a b le  t a s k ,  b u t th e  
p ro b lem  i s  f u r t h e r  c o m p lic a te d  by th e  n o n l i n e a r i t y  o f  th e  d i f f e r e n t i a l  
e q u a t io n s  and th e  b o undary  c o n d i t io n s .  The c o m p lic a t io n  i s  t h a t  f o r  a  
g iv e n  a rc h  ( s p e c i f i e d  by th e  system  p r o p e r t i e s )  t h e r e  may be  m ore th a n  one 
e q u i l ib r iu m  c o n f ig u r a t io n  f o r  a  s p e c i f i e d  v a lu e  o f  P , i . e .  t h e  a rc h  may 
b u c k le .  T h e re fo re  i t  i s  d e s i r a b l e ,  a s  in  m ost p ro b le m s , t o  re d u c e  th e
num ber o f  sy stem  p r o p e r t i e s  by r e c a s t in g  th e  fo rm u la t io n  in  te rm s  o f  d i ­
mens io n le s s  q u a n t i t i e s .
A s t a t i c s  p rob lem  su ch  a s  t h i s  one may- be n o n d im e n s io n a liz e d  by s c a l ­
in g  a l l  t h e  q u a n t i t i e s  u s in g  a  c h a r a c t e r i s t i c  f o r c e  and a  c h a r a c t e r i s t i c  
le n g th .  The c h a r a c t e r i s t i c  q u a n t i t i e s  sh o u ld  be  chosen  c a r e f u l l y  so  t h a t  
th e y  rem ain  f i n i t e  o v e r  t h e i r  r a n g e s . To t h i s  end L i s  ta k e n  as  th e  c h a r ­
a c t e r i s t i c  le n g th .  F o r f i n i t e  L th e  a rc h  d e g e n e ra te s  t o  a  s t r a i g h t  beam 
a s  t h e  a n g le  a  a p p ro ach es  z e r o ,  w hereas i f  RQ i s  c h o se n , th e  d e g e n e ra te  
c a s e  c o rre sp o n d s  t o  a  p o in t ,  w hich i s  n o t d e s i r a b l e .  In  t h i s  s tu d y  E IL "“ 
w hich  rem ain s  f i n i t e ,  i s  ch o sen  a s  th e  c h a r a c t e r i s t i c  f o r c e .  T h is  i s  
done so  t h a t  b o th  e x t e n s ib l e  and in e x te n s ib le  a rc h e s  may be  s tu d ie d  w ith  
th e  same fo r m u la t io n .  I f  EA w ere ta k e n  a s  th e  c h a r a c t e r i s t i c  f o r c e ,  th e  
s c a le d  q u a n t i t i e s  would v a n is h  as  EA became i n f i n i t e  ( th e  i n e x t e n s i b l e  
c a s e )  o r  become i n f i n i t e  a s  EA ap p ro ach es  z e ro , w hich  would n o t  b e  d e s i r ­
a b l e .  On th e  o th e r  hand , t h e  s p e c ia l  c a s e s  o f  E l  = 00 o r  E l = 0 c o r re s p o n ­
d in g  t o  co m p le te  b en d in g  r i g i d i t y  o r  f l e x i b i l i t y ,  r e s p e c t i v e l y ,  c a n n o t be 
h a n d led  w i th in  th e  p r e s e n t  fo r m u la t io n .  However, t h i s  i s  n o t  a  s e r io u s  
l i m i t a t i o n  s in c e  th o s e  s p e c i a l  c a s e s  l i e  o u ts id e  th e  re a lm  o f  p r a c t i c a l  
p ro b lem s.
The d im e n s io n le s s  q u a n t i t i e s  a r e  d e f in e d  a s  fo l lo w s :
Note that the system properties a and w, which were previously defined as 
dim ensionless angles, do not appear above. Introducing Eqs. 2.48 in to  the  
boundary-value problem y ie ld s  the fo llow ing dim ensionless formulation, 
where primes denote d iffe r e n tia t io n  with respect to  s0 :
e = c£t  
s* = 1 +e 
b = m +a 
k = b /s*
C on stitu tive  
Equations and 
Stra in  Measure 
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v = a -m/g 
m = 0
cosw r
( g > 0 )
(g*0)
x = Jfnsin (v-w ) +ft cos(v-w)J - r Qsina
f n = - f t cot(v-w ) 
















|f nsin(v+w) +ft cos(v+w)J +rQsina
fn “ - f t cot(v+w) 
y s  tanw(rc sin a  -x )  +rQcosa




Condi- (2 .63)  
tion s at 
s0 = 1
(2 .64 )
The p ro c e s s  o f  c a s t i n g  th e  f o r m u la t io n  in to  d im e n s io n le s s  fo rm  red u ced  
th e  seven  d im e n s io n le s s  sy stem  p r o p e r t i e s  t o  t h e  f i v e  d im e n s io n le s s  system  
p r o p e r t i e s  -  c ,  a ,  g ,  h , and w. Hence t o  c o n s id e r  a l l  a rc h e s  in  th e  r e ­
s t r i c t e d  c l a s s  o f  t h i s  s tu d y  i t  i s  n e c e s s a r y  to  v a ry  p 0 t c ,  a ,  g ,  h , and 
w in d e p e n d e n tly , w here p Q i s  th e  p a ra m e te r  s p e c i f y in g  th e  d im e n s io n le s s  
lo a d in g  £ Q.
Each o f  th e  sy s te m  p r o p e r t i e s  c ,  g ,  and h may v a ry  from  0 t o  00. For 
co n v en ien ce  in  t h e  n u m e r ic a l  c o m p u ta tio n s  th e y  a re  r e p la c e d  by t h e  dimen­
s io n l e s s  q u a n t i t i e s  c * f g * , and h* w hich  a r e  d e f in e d  a s
and w hich  v a ry  from  0 t o  1 . The sy s te m  p r o p e r ty  c  w hich  a p p e a rs  in  Eq. 
2 .4 9  i s  c a l l e d  t h e  e x t e n s i b i l i t y .  System  p r o p e r ty  v a lu e s  c o rre sp o n d in g  
t o  v a r io u s  s p e c ia l  c a s e s  a r e  l i s t e d  below .
(2 .6 5 )
1+c
(2 . 6 6 )
(2 .6 7 )
- I -
c = c  = 0 --- <--------->  e  = 0 ( i n e x t e n s i b l e  a rc h )
c  a  00 (c *  c l )  <----- > f t  = °
g  = g = 0  < >  m = 0 (b o u n d a r ie s  f r e e  t o  r o t a t e )
g = 00 (g  = 1 )  <-----> v  » v 0  (b o u n d ary  r o t a t i o n  p re v e n te d )
Sth = h = 0  < >  (b o u n d a r ie s  f r e e  to  t r a n s l a t e )
■ i.
h = 00 (h  = 1 )  <-----> (b o u n d ary  t r a n s l a t i o n  p re v e n te d )
L oad in g  C ases C o n sid e re d  
Two k in d s  o f  lo a d in g  r e f e r r e d  t o  h e r e in  a s  h y d r o s ta t i c  and v e r t i c a l  
lo a d in g s ,  r e s p e c t i v e l y ,  a r e  c o n s id e r e d .  H y d ro s ta t ic  lo a d in g  c o n s i s t s  o f  
a  p r e s s u r e  w hich i s  u n ifo rm ly  d i s t r i b u t e d  w ith  r e s p e c t  t o  th e  le n g th  o f  
th e  deform ed c e n t r o i d a l  a x i s  and w hich rem a in s  norm al to  i t .  V e r t i c a l  
lo a d in g  i s  a  p r e s s u r e  w h ic h . i s  u n ifo rm ly  d i s t r i b u t e d  w ith  r e s p e c t  t o  th e  
a rc  le n g th  o f  th e  undeform ed c e n t r o i d a l  a x is  and w hich rem ain s  in  th e  
v e r t i c a l  d i r e c t i o n .
F o r h y d r o s ta t i c  lo a d in g  Eq i s  s p e c i f i e d  as
Eo “  s *£ = Ps *£ (2 .6 8 )
w here p i s  th e  d im e n s io n le s s  lo a d  p a ra m e te r  f o r  t h e  h y d r o s ta t i c  lo a d in g . 
N ote t h a t  p , w hich  i s  n o t  e q u a l t o  th e  m ag n itu d e  o f  th e  v e c to r  £  w hich i s  
n o n -n e g a t iv e ,  may be p o s i t i v e  o r  n e g a t iv e  d ep en d in g  on w h e th e r th e  lo a d in g  
a c t s  in  th e  same o r  o p p o s i te  d i r e c t i o n  a s  th e  u n i t  norm al v e c to r  n .
F o r v e r t i c a l  lo a d in g  £ 0 i s  s p e c i f i e d  a s
E0 = - p ^  = po (co sv n  - s i n v t )  (2 .6 9 )
w here E q s. 2 .9  and 2 .1 0  have b een  u sed  and pQ i s  t h e  d im e n s io n le s s  lo ad  
p a ra m e te r  f o r  t h e  v e r t i c a l  lo a d in g .
P o t e n t i a l  E n erg y  o f  th e  System  
The m ech an ica l sy stem  com posed o f  th e  a r c h ,  i t s  e l a s t i c  s u p p o r ts ,  and 
e i t h e r  o f  th e  lo a d in g s  c o n s id e re d  h e r e in  i s  c o n s e r v a t iv e .  T h a t i s ,  th e  
w ork done by a l l  o f  th e  f o r c e s  ( e x t e r n a l  and i n t e r n a l )  a c t i n g  on th e  s y s ­
tem , when i t  i s  d i s p la c e d  (w ith o u t  any a d d i t i o n a l  f o r c e s  a d d e d ) , from  one 
c o n f ig u r a t io n  t o  any o th e r  c o n f ig u r a t io n ,  i s  in d e p e n d e n t o f  th e  p a th  f o l ­
lowed by th e  sy stem . C hoosing  th e  undeform ed c o n f ig u r a t io n  a s  a  datum ,
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t h e  p o t e n t i a l  e n e rg y  U i s  d e f in e d  a s  th e  w ork t h a t  would be done by a l l  
t h e  f o r c e s  a c t i n g  on th e  system  d u r in g  an im ag in ed  d isp la c e m e n t from  th e  
deform ed c o n f ig u r a t io n  t o  th e  datum  c o n f ig u r a t io n .  D uring  t h i s  d i s p l a c e ­
ment th e  lo a d in g  p a ra m e te r ,  p o r  pQf i s  h e ld  c o n s t a n t .  The p o t e n t i a l  
e n e rg y  may be c o n s id e re d  a s  th e  sum of tw o p a r t s ,  t h e  p o t e n t i a l  e n e rg y  o f  
th e  i n t e r n a l  f o r c e s ,  U^, c a l l e d  s t r a i n  e n e rg y  and th e  p o t e n t i a l  e n e rg y  o f 
t h e  e x te r n a l  f o r c e s ,  Ue .
U = Ui +Ue  (2 .7 0 )
The dim ensionless p o ten tia l energy i s  defined as
U = £  (2 .7 1 )
E l
The s t r a i n  e n e rg y  o f  th e  system  i s  t h e  sum o f  c o n t r ib u t io n s  from  th e  
a rc h  i t s e l f  and from  t h e  e l a s t i c  s p r in g s ,  w h ich  a r e  d e n o te d  a s  Ua  and USf 
r e s p e c t i v e l y .  The s t r a i n  e n e rg y  o f  th e  a r c h  i s  found  by summing a l l  th e  
s t r a i n  e n e r g ie s  o f  th e  f i b e r s  o f  th e  a r c h .  The s t r a i n  e n e rg y  s to r e d  in  
a  g iv e n  f i b e r  d u r in g  th e  d isp la c e m e n t i s  th e  a v e ra g e  f o r c e ,  ^o*dA, m ul­
t i p l i e d  by th e  t o t a l  e lo n g a t io n  o f th e  f i b e r  w hich  i s  cdC0 = e (l+ K 0Z)dS0 
= € dSD, by E q s . 2 .2 8  and 2 .2 9  and th e  a ssu m p tio n  t h a t  th e  a rc h  i s  t h i n .
Thus by in tegration  over the volume of the arch i t  fo llow s that
Ua  s  \  J  J ’credAdS0 = \ J  J  E (e  +BZ)2dAdSQ = \ J  (EAe2 +EXB2 )dSQ 
—L A -L  A —L
(2 .7 2 )
u s in g  E qs. 2 .3 5  and 2 .3 4 .  The s t r a i n  e n e rg y  o f  e ac h  r o t a t i o n a l  s p r in g  
i s  t h e  p ro d u c t o f  G/2 and th e  sq u a re  o f  th e  a n g le  o f  r o t a t i o n ,  w h ile  t h a t  
o f  e ac h  e x te n s io n a l  s p r in g  i s  th e  p ro d u c t  o f  H /2 and th e  s q u a re  o f  th e
d isp la cem en t o f  th e  end. Summing th e  s t r a in  e n e r g ie s  o f  a l l  th e  sp r in g s
y ie ld s
Us = §  | |a - v ( - L ) J  2 + |a + v (L )j j.
( 2 .7 3 )
+  f fx (-L )+ R 0s i n a l 2 + [x (L )-R  s i n a ) 2 }
2 c o s2w u  j  l  j  3
The d im e n s io n le s s  s t r a i n  e n e rg y  i s  d e te rm in e d  u s in g  E qs. 2 .7 1 -2 .7 3  as
u i  = g { [a "v ^“ 1 ^] + [a + v (l)J  |
2 2 
+ ----- !l__ { [ x ( - l ) + r 0s in a ] + | x ( l ) - r 0 s in a j  j ( 2 .7 4 )
+ [ f ”  + ( b - a ) 2] d s 0
F o r h y d r o s t a t i c  lo a d in g  th e  p o t e n t i a l  e n e rg y  o f  th e  e x t e r n a l  f o r c e s  
i s  e q u a l t o  t h e  p ro d u c t o f  -P  w ith  th e  s ig n e d  a r e a  e n c lo s e d  betw een  th e  
defo rm ed  and undeform ed c e n t r o id a l  a x e s .  T h is  may be seen  by c o n s id e r in g  
t h e  a rc h  t o  be  subm erged in  a ta n k  o f  in c o m p re s s ib le  w e ig h t le s s  f l u i d  and 
fo rm in g  a  p a r t  o f  th e  b o undary  o f  th e  ta n k .  Then i f  a  h y d r o s t a t i c  p r e s ­
s u r e  i s  a p p l ie d  a t  th e  open s u r f a c e  o f  th e  ta n k , a  h y d r o s t a t i c  lo a d in g ,  
a s  d e f in e d  h e r e in ,  w i l l  be a p p l ie d  t o  th e  a r c h .  I f  t h e  a r c h  i s  d is p la c e d  
from  i t s  deform ed  c o n f ig u r a t io n  t o  i t s  undeform ed c o n f ig u r a t io n  w h ile  
h o ld in g  th e  p r e s s u r e  a p p l ie d  t o  th e  f l u i d  c o n s ta n t ,  t h e  w ork done by th e  
lo a d in g  on th e  a r c h  w i l l  e q u a l  t h e  w ork done by th e  e x t e r n a l l y  a p p l ie d  
p r e s s u r e .  T h is  work w hich  i s  th e  p o t e n t i a l  e n e rg y  o f  th e  e x t e r n a l  f o r c e s  
i s  e q u a l t o  t h e  p ro d u c t o f  -P  and th e  a re a  o f  f l u i d  d i s p la c e d .  The a r e a
30
o f  t h e  f l u i d  d is p la c e d  i s  e q u a l t o  th e  s ig n e d  a r e a  betw een th e  deform ed 
and undeform ed c e n t r o i d a l  ax es  so  t h a t  th e  a s s e r t i o n  made above i s  c o r r e c t .
In  com pu ting  th e  s ig n e d  a r e a ,  a  fo rm u la  f o r  th e  a re a  o f  a  q u a d r i l a t e r a l  
i n  te rm s  o f  th e  c a r t e s i a n  c o o r d in a te s  o f  i t s  v e r t i c e s  i s  u s e d . T h is  form ­
u l a  i s
A rea  = \ [(X1-X3 )CY2-Y4 ) + (X2-X4 )(Y 3-Y1 )] (2 .7 5 )
w here  X*^  , Y- ( i  = 1 ,4 )  a r e  th e  X and Y c o o r d in a te s ,  r e s p e c t i v e l y ,  o f  t h e  
i t h  v e r t e x  w ith  t h e  v e r t i c e s  num bered in  c o u n te rc lo c k w is e  o r d e r .  A p p ly in g  
Eq. 2 .7 5  t o  th e  a r e a  e lem en t shown i n  F ig . 2 .7  and in t e g r a t i n g  le a d s  to  
t h e  fo l lo w in g  fo rm u la  f o r  U£
ue -  -  ! / '  [c x -x 0)C S  ♦ S a  ) .  (Y-V ( §o ♦ f a  )] dSc (2 .76 )
w hich  becomes
u e  = -  |  J  [(x -x 0 )(y '-* y £ ) -  (y -y 0 )(x*-tx^)] d s Q (2 .7 7 )
when e x p re s s e d  in  te rm s  o f d im e n s io n le s s  v a r i a b l e s .
F o r v e r t i c a l  lo a d in g  th e  co m p u ta tio n  o f th e  p o t e n t i a l  e n e rg y  i s  much 
s im p le r .  I n  t h i s  c a s e  th e  p o t e n t i a l  en e rg y  i s  found by c o n s id e r in g  th e  
w ork done by th e  r e s u l t a n t  o f  th e  p r e s s u r e  a c t i n g  on a  t y p i c a l  e lem en t 
o f  t h e  a rc h  d u r in g  a  d isp la c e m e n t o f  th e  a rc h  from  th e  deform ed c o n f ig ­
u r a t i o n  t o  t h e  undeform ed  c o n f ig u r a t io n .  The work done by th e  v e r t i c a l  
lo a d  a c t i n g  on su ch  an e lem en t i s  th e  p ro d u c t o f  th e  r e s u l t a n t  f o r c e ,  
PodSQf and th e  v e r t i c a l  d isp la c e m e n t o f  th e  e le m e n t, Y-Y0 . I n t e g r a t i n g
over  th e  le n g th  o f  th e  arch y ie ld s
w hich  becomes
ue  = p0 /  (y -y 0 )d s 0
when e x p re s s e d  in  te rm s  o f  d im e n s io n le s s  q u a n t i t i e s
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CHAPTER 3 . NUMERICAL RESULTS
The n o n l in e a r  b e h a v io r  o f  f i f t e e n  d i f f e r e n t  a rc h e s  was a n a ly z e d  u s in g  
th e  a lg o r ith m s  SYM and ASYM w hich  a r e  d e s c r ib e d  in  th e  A ppendix . The te rm  
a rc h  i s  ta k e n  in  t h i s  c h a p te r  t o  mean a  s p e c ia l  c a s e  o f  th e  more g e n e ra l  
m ech an ica l sy stem  c o n s id e re d  in  C h a p te r  2 . Such a  s p e c ia l  c a s e  i s  sp e c ­
i f i e d  by p r e s c r ib in g  an e x t e r n a l  lo a d irg  and a s s ig n in g  v a lu e s  f o r  th e
^  ^
d im e n s io n le s s  sy stem  p r o p e r t i e s  -  a ,  c  , g , h  , and w. Each a rc h  i s  
d e s ig n a te d  by a  l a b e l  w h ich  i n d i c a t e s  th e  lo a d in g  c a se  ( H f o r  h y d r o s ta t i c  
lo a d in g  o r  V f o r  v e r t i c a l  lo a d in g  ) fo llo w e d  by a  num ber.
S e le c te d  g r a p h ic a l  and  t a b u l a r  r e s u l t s  a r e  p re s e n te d  f o r  each  a rc h  
in  a  u n ifo rm  m anner. T he g r a p h ic a l  r e s u l t s  a r e  p re s e n te d  u s in g  tw o f i g ­
u re s  p e r  a rc h . A t th e  to p  o f  th e  f i r s t  f i g u r e  a  p l o t  o f  th e  lo a d  param ­
e t e r  v e r s u s  dy, t h e  v e r t i c a l  d e f l e c t i o n  o f  th e  m id p o in t o f  th e  a rc h ,  
a p p e a rs .  Below i t  th e  d e f l e c t e d  sh ap e  o f th e  a rc h  i s  shown f o r  s e le c te d  
v a lu e s  o f  th e  lo a d  p a ra m e te r .  See, f o r  exam ple, F ig . 3 .1 .  C r i t i c a l  lo a d  
p a ra m e te r  v a lu e s ,  th e  v a lu e  c o rre sp o n d in g  t o  b i f u r c a t i o n  and th e  maximum 
v a lu e ,  a r e  in d ic a te d  on th e  l o a d - d e f l e c t i o n  p l o t .  The second  f ig u r e  con­
s i s t s  o f  c u rv e s  show ing th e  d i s t r i b u t i o n  o f  th e  i n t e r n a l  s t r e s s  r e s u l t a n t s  
-  f n , f j . ,  and ra -  w ith  r e s p e c t  t o  th e  undeform ed a rc  le n g th  s 0 , f o r  s e ­
l e c t e d  lo ad  p a ra m e te r  v a lu e s .  See, f o r  exam ple, F ig ,  3 .2 .  F o r geom­
e t r i c a l l y  sym m etric  c o n f ig u r a t io n s  o n ly  t h e  l e f t  h a l f  ( ~ l < s o < 0 )  o f  th e  
p lo t s  o f  th e  d e f l e c te d  sh ap e s  and d i s t r i b u t i o n s  o f  th e  i n t e r n a l  s t r e s s  
r e s u l t a n t s  i s  shown. C o n s id e r a t io n  o f  E q. 2 .5 5  w hich s t a t e s  t h a t  m* = 
- s ’ f n shows t h a t  th e  e x tre m a  o f  th e  m -sQ c u rv e  sh o u ld  c o rre sp o n d  t o  th e
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z e ro e s  o f  th e  f n- s 0 c u rv e . A lso  f o r  i n e x t e n s ib l e  a r c h e s ,  s* = 1 , and th e  
s lo p e  o f th e  m -sQ c u rv e  i s  e q u a l t o  th e  n e g a t iv e  o f  th e  o r d in a te  o f  th e  
f n - s c  c u rv e . A lso  a  t a b l e  e n t r y  i s  p ro v id e d  f o r  e a c h  a rc h  w hich  g iv e s  
t h e  maximum lo ad  p a ra m e te r  and th e  b i f u r c a t i o n  lo a d  p a ra m e te r  and th e  
c o rre sp o n d in g  v a lu e s  o f  d y .
As d is c u s s e d  in  th e  A ppend ix , no  asym m etric  e q u i l ib r iu m  c o n f ig u r a t io n s  
f o r  a rc h e s  w ith  t h e  a n g le  a  l e s s  th a n  90 d e g re e s  c o u ld  be found  u s in g  a l ­
g o r ith m  ASYM. T h e re fo re  t h e  b i f u r c a t i o n  lo a d  p a ra m e te r  c o u ld  n o t  be 
found  f o r  t h e s e  a r c h e s .  However, t h e  c o m p u ta tio n s  i n  th e  f i r s t  p a r t  o f  
ASYM Gil w hich a  sm a ll c o n s ta n t  h o r i z o n ta l  f o r c e  i s  added t o  th e  g iv e n  
h y d r o s ta t i c  o r  v e r t i c a l  lo a d in g )  d id  show t h a t  t h e  h o r i z o n ta l  (a sy m m etric ) 
d e f l e c t i o n s  o f  th e  sh a llo w  a rc h  in c re a s e d  r a p i d l y  a s  t h e  lo a d  p a ra m e te r  
ap p ro ach ed  a  c e r t a i n  v a lu e .  T h is  i s  q u i t e  s i m i l a r  t o  w hat happens when 
an  a rc h  i s  t e s t e d  in  th e  l a b o r a to r y ,  s in c e  f o r  any r e a l  a rc h  t h e r e  w i l l  
n o t  be p e r f e c t  sym m etry o f  th e  undeform ed sh ap e  and th e  lo a d in g  c an n o t 
b e  a p p lie d  in  a  p e r f e c t l y  sym m etric  m anner. F o r t h e s e  s h a llo w e r  a rc h e s  
an  ap p ro x im a te  v a lu e  o f t h e  b i f u r c a t i o n  lo a d  p a ra m e te r  i s  p r e s e n te d .
This value i s  the ordinate o f the horizontal asymptote which the points 
on the load parameter versus dx curve, where dx i s  th e  horizontal d e f le c ­
t io n  of the midpoint o f the arch, seem to  approach when the computations 
described above are performed.
In  T a b le  3 .1  sym m etric  and asym m etric  b u c k lin g  lo a d s  ( c r i t i c a l  v a lu e s  
o f  th e  lo ad  p a ra m e te r)  f o r  i n e x t e n s ib l e  a rc h e s  w h ich  w ere o b ta in e d  by 
O ran and Reagan (1 7 ) a r e  g iv e n . R e s u l t s  a r e  shown f o r  s e v e r a l  v a lu e s  o f  
a  and f o r  two d i f f e r e n t  lo a d in g  c a s e s ,  t h e  h y d r o s t a t i c  lo a d in g  d is c u s s e d
T a b le  3 .1  B u ck lin g  Loads f o r  I n e x te n s ib l e  
A rches T aken from  Oran and Reagan (1 7 )
a .  Clamped A rches
a
H y d ro s ta t ic  Loading R a d ia l  L oad ing
A sym m etric
B u ck lin g
Sym m etric
B u ck ling
A sym m etric
B u ck lin g
Sym m etric
B u ck lin g
.1  r a d ia n 2 .0 2 3 .3 2 2 .0 2 3 .3 2
30 d e g . 1 0 .5 1 7 .3 1 0 .7 1 7 .5
60 d eg . 2 0 .8 3 4 .2 2 1 .8 3 5 .7
90 d eg . 3 1 .0 5 0 .0 3 4 .9 5 5 .2
b . P in n ed  A rches
a
H y d r o s ta t ic  L oading R a d ia l  L oad ing
A sym m etric
B u ck lin g
Sym m etric
B u ck lin g
A sym m etric
B u ck lin g
Sym m etric
B u ck lin g
30 deg.- 4 .9 9 1 1 .4 5 .1 7 1 1 .5
60 d eg . 9 .1 8 2 2 .0 1 0 .0 2 3 .1
90 d eg . 1 1 .6 3 1 .0 1 2 .7 3 4 .8
in  C h ap te r  2 and a  c a s e  r e f e r r e d  to  a s  r a d i a l  lo a d in g . The r a d i a l  
lo a d in g  i s  a  u n ifo rm ly  d i s t r i b u t e d  p r e s s u r e  su ch  t h a t  th e  r e s u l t a n t  
f o r c e  a c t i n g  on e ac h  sm a ll e lem en t o f  th e  a rc h  a c t s  p a r a l l e l  t o  th e  
o r i g i n a l  r a d i a l  d i r e c t i o n  f o r  th e  sm a ll e lem en t as  th e  a rc h  d e fo rm s. 
T hese  r e s u l t s  w i l l  be com pared w ith  th e  r e s u l t s  f o r  h y d r o s t a t i c a l l y  and 
v e r t i c a l l y  lo a d e d  a rc h e s  w hich  fo l lo w .
R e s u l t s  f o r  H y d ro s ta t ic  Loading 
N ine  h y d r o s t a t i c a l l y  lo a d e d  a rc h e s  w ere s tu d ie d .  Only clam ped Cg 
h a  l ,  w = a r b i t r a r y )  a rc h e s  w ere c o n s id e re d .
F o r f i v e  o f  t h e  a r c h e s ,  w hich  w ere d e s ig n a te d  by th e  l a b e l s  H1-H5, 
th e  a n g le  a  was ta k e n  as  90 d e g re e s  ( a  s e m ic i r c u la r  a rc h )  and th e  v a lu e  
o f  t h e  e x t e n s i b i l i t y  c*  was ta k e n  a s  0 , .0 0 0 0 1 , .0 0 0 1 , .0 0 1 , and .0 1 , 
r e s p e c t i v e l y .  The t a b u l a r  r e s u l t s  f o r  t h e s e  a rc h e s  a p p ea r in  T a b le  3 .2  
and th e  g r a p h ic a l  r e s u l t s  a r e  shown in  F ig s .  3 .1 - 3 .8 .
T a b le  3 .2  R e s u l t s  f o r  C lam ped, S e m ic ir c u la r  
( a  s  90 d e g . )  A rch es  W ith H y d ro s ta t ic  Loading
L abel *c Maximum p
dy  a t  
Maximum p B if u r c a t io n  p
dy a t
B i f u r c a t io n  p
Hi 0 5 2 .0 2 5 a 0a 31 .006 0
H2 .00001 4 9 .2 0 5 .00699 31 .010 .00030
H3 .0001 4 7 .6 3 1 .02496 31 .0 5 8 .00297
H4 .001 4 3 .6 5 3 .1 0 4 0 9 31 .5 5 3 .03082
H5 .0 1 b b b b
T a b le  3 ,3  R e s u l t s  f o r  Clamped S h a llo w  (a  = .1  r a d ia n  = 
5 .729577  d e g . )  A rches W ith H y d r o s ta t ic  L oading  and 
R e c ta n g u la r  C ro s s - S e c t io n s
L abel c* Maximum p
dy  a t  
Maximum p B if u r c a t io n  p
dy a t  
B i f u r c a t io n  p
H6 .23148x10 "4 1 .6 6 0 7 .01537 1 .6 5 ° ,0 1 4 c
H7 .1 3 0 2 1 x l0 ~ 4 2 .0 2 2 0 .0 1 1 1 4 1 .8 4 c .0069°
H8 .8 3 3 3 3 x l0 ~ 5 2 .2 6 9 3 .00853 l , 9 1 c ,0042c
H9 ,3 7 0 3 7 x l0 -5 2 .6 1 9 6 .00518 1 .9 7 c .0018°
NOTES:
a  T h is  r e s u l t  was ta k e n  from  O ran and R eagan (1 7 )  and c o rre sp o n d s  t o  
b i f u r c a t i o n  from  t h e  undeform ed  c o n f ig u r a t io n  t o  an  a d ja c e n t  deform ed 
sym m etric  c o n f ig u r a t io n .
k  F o r a rc h  H5 th e  r e s t r i c t i o n  e > ~ l  r e q u i r e d  by E q. 2 .2 6  was v io l a t e d  
b e fo re  a  r e l a t i v e  maximum in  th e  p -d y  c u rv e  was a t t a i n e d .
c  F o r t h e s e  s h a l lo w e r  a rc h e s  no  a sy m m etric  e q u i l ib r iu m  c o n f ig u r a t io n s  
and b i f u r c a t io n :  p o in t s  c o u ld  be found  u s in g  a lg o r i th m  ASYM. However 
i t  was o b se rv ed  t h a t  th e  s lo p e  o f  th e  p -d x  c u rv e  became v e ry  sm a ll 
a s  t h e  a p p l ie d  lo a d  ap p ro ach ed  th e  v a lu e  shown, w ith  th e  a rc h  sub­
je c t e d  t o  a  sm a ll h o r i z o n ta l  f o r c e  in  a d d i t io n  to  t h e  a p p l ie d  h y d ro ­
s t a t i c  o r  v e r t i c a l  lo a d in g .
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Maximum p = 4 9 .2 0 5
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a  = 90 d eg .
F ig . 3 .1  L o a d -D eflec tio n  Curve and
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F ig .  3 .2  D i s t r i b u t i o n s  o f  t h e  I n t e r n a l  
S t r e s s  R e s u l ta n ts  f o r  Arch H2
Maximum p = 47,631
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p = 47 .631
0001
a  = 90 deg
F ig . 3 .3  L o a d -D e fle c tio n  Curve and
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F ig .  3 .4  D i s t r i b u t io n s  oC th e  I n t e r n a l  
S t r e s s  R e s u l ta n ts  Cor A rch H3
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Maximum p = 43 .653








a  = 90 deg
F ig . 3 .5  L o a d -D e fle c tio n  Curve and
Deformed Shapes fo r  Arch H4
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F ig . 3 ,6  D is tr ib u t io n s  o f  th e  In te r n a l







a = 90 dog .
F ig . 3 .7  L o a d -D eflec tio n  Curve and
Deformed Shapes fo r  Arch H5
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F ig . 3 .8  D is tr ib u t io n s  o f  th e  In te r n a l
S tr e s s  R e su lta n ts  fo r  Arch H5
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T h ese  a r c h e s  w ere  c o n s id e re d  so  t h a t  th e  e f f e c t  o f  e x t e n s i b i l i t y  on 
th e  b e h a v io r  c o u ld  be  s tu d ie d .  For a  clam ped in e x te n s ib le  a rc h  th e  
t r i v i a l  s o l u t i o n
f n ( s 0 ) = m (sQ) ss 0 , f t CsQ) = - p r Q
( 3 .1 )
x ( s c ) = x 0 ( s 0 ) ,  yCs0 ) = y0 ( s 0 ) ,  v ( s o ) = v o ( s o )
i s  an  e x a c t  s o l u t i o n  t o  t h e  n o n l in e a r  b o u n d a ry -v a lu e  p rob lem  fo rm u la te d  
in  E q s , 2 .4 9 - 2 .6 4 .  The r e s u l t s  o f  Oran and Reagan (1 7 ) ,  w hich  a r e  b a se d  
on l i n e a r  c l a s s i c a l  b u c k lin g  th e o r y ,  p r e d i c t  t h a t  f o r  an in e x te n s ib l e  
a r c h  b i f u r c a t i o n  from  th e  undeform ed ( t r i v i a l )  s o lu t io n  to  an  a d ja c e n t  
a sy m m etric  defo rm ed  c o n f ig u r a t io n  o c c u rs  when p = 3 1 .0 0 6 . T h is  r e s u l t  
was re p ro d u c e d  in  t h e  a n a ly s i s  o f  a rc h  Hi by  a lg o r i th m  ASYM. The r e s u l t s  
o f  Oran and R eagan a l s o  p r e d i c t  t h a t  b i f u r c a t i o n  from  th e  undeform ed co n ­
f i g u r a t i o n  t o  an  a d ja c e n t  sym m etric  c o n f ig u r a t io n  o c c u rs  when p = 5 2 .0 2 5 . 
T h is  l a t t e r  r e s u l t  c o u ld  n o t  be  o b ta in e d  by e i t h e r  o f  th e  a lg o r i th m s  SYM 
o r  ASYM s in c e  no  p r o v is io n  was made in  them  t o  fo r c e  ( p o s s ib ly  by a d d in g  
a  s m a ll c o n c e n t r a te d  v e r t i c a l  lo a d  a t  t h e  c e n te r )  th e  a rc h  t o  go from  one 
sym m etric  c o n f ig u r a t io n  t o  an a d ja c e n t  sym m etric  c o n f ig u r a t io n .
C o n s id e r in g  th e  r e s u l t s  f o r  a rc h e s  H2-H4 in  T a b le  3 .2  i t  a p p e a rs  t h a t  
th e .  maximum and b i f u r c a t i o n  lo a d  p a ra m e te r  v a lu e s  f o r  th e  e x t e n s ib l e  
a rc h e s  a p p ro a c h  th e  sym m etric  and asym m etric  b u c k lin g  lo a d s ,  r e s p e c t i v e l y ,  
f o r  th e  i n e x t e n s i b l e  a rc h  a s  th e  e x t e n s i b i l i t y  c i s  d e c re a se d  to w ard  
z e r o .  C hang ing  th e  v a lu e  o f  c* from  .00001 t o  .001  a f f e c t s  th e  b i f u r ­
c a t i o n  p v a lu e  o n ly  s l i g h t l y  (from  31 .010  t o  3 1 ,5 5 3 ) , b u t i t  g r e a t l y  
ch an g es  t h e  a s s o c i a t e d  v a lu e  of d (from  .00030  t o  .0 3 0 8 2 ) . F o r th e
a rc h  H5 (c *  = .0 1 )  t h e  r e s t r i c t i o n  o f  E q. 2 ,2 6  t h a t  e > ~ l  was v i o l a t e d  
b e f o r e  a  r e l a t i v e  maximum in  th e  p -d y  c u rv e  was a t t a i n e d .  The e f f e c t  o f  
e x t e n s i b i l i t y  may be g r a p h ic a l l y  see n  by com paring th e  d e f l e c te d  sh ap es  
f o r  a rc h e s  H2-H5. F o r a rc h  H2 th e  d e f l e c te d  shape shown in  F ig . 3 .1  l i e s  
on b o th  s id e s  o f  t h e  undeform ed sh a p e . As th e  v a lu e  o f  c in c r e a s e s  l e s s  
o f  t h e  a r c h  le n g th  i s  d is p la c e d  t o  th e  o u ts id e  o f th e  undeform ed c o n f ig ­
u r a t i o n .  T h is  may b e  seen  in  F ig s .  3 .3 ,  3 .5 ,  and 3 .7  f o r  a rc h e s  H3-H5, 
r e s p e c t i v e l y .  O n e -h a lf  o f  th e  deform ed le n g th s  o f  t h e  a rc h e s  f o r  th e  
c o n f ig u r a t io n s  c o r re s p o n d in g  t o  th e  end p o in t s  on th e  a p p r o p r ia te  p -d y  
c u rv e s  w ere  .9 9 9 6 8 , .9 9 6 9 1 , .9 7 9 8 4 , and .80651 f o r  th e  a rc h e s  H2-H5, 
r e s p e c t i v e l y .
C om parison o f  t h e  d i s t r i b u t i o n s  o f  th e  i n t e r n a l  s t r e s s  r e s u l t a n t s  
f o r  a r c h e s  H2-H5 i s  d i f f i c u l t  s in c e  f o r  each  a rc h  th e  r e s u l t s  a r e  shown 
f o r  d i f f e r e n t  v a lu e s  o f  p .  In  a d d i t io n  t o  th e  g e n e r a l  r e l a t i o n  m en tio n ed  
above betw een  th e  f n - s Q and m -sc c u rv e s ,  s e v e r a l  r e l a t i o n s  fo llo w  from  
th e  e q u i l ib r iu m  e q u a t io n s  f o r  t h e  f r e e -b o d y  o f  th e  w hole a r c h .  F o r th e  
sym m etric  c o n f ig u r a t io n s  i t  may be shown t h a t
f ^ (—1 ) — —prQ ( 3 .2 )
and f o r  th e  a sy m m etric  c o n f ig u r a t io n s  i t  may be  shown t h a t
f t ( - l )  + ft ( l )  = - 2 p r 0 ( 3 .3 )
and
f n ( - l )  = - f n ( l )  ( 3 .4 )
N ote t h a t  E q s . 3 .2 - 3 .4  a r e  o n ly  v a l i d  f o r  h y d r o s t a t i c a l l y  lo ad ed  a rc h e s . .
A ll  th e s e  re q u ire m e n ts  w ere  s a t i s f i e d  by  th e  n u m e ric a l r e s u l t s  o b ta in e d  
f o r  a rc h e s  H1-.H5,
F o r t h e  re m a in in g  f o u r  h y d r o s t a t i c a l l y  lo ad ed  a rc h e s  sy stem  p ro p ­
e r t i e s  w ere chosen  t o  c o rre sp o n d  t o  some o f th e  c a s e s  p re s e n te d  by K err 
and El-Bayoumy (1 1 ) so  t h a t  th e  r e s u l t s  c o u ld  be d i r e c t l y  compared w ith  
t h e i r  r e s u l t s .  T h e ir  s tu d y  was r e s t r i c t e d  t o  s h a llo w , clam ped a rc h e s  
w ith  a  r e c ta n g u la r  c r o s s - s e c t i o n  t h a t  i s  one u n i t  w ide and h u n i t s  d eep . 
The sh a llo w  a rc h  a ssu m p tio n s  o f  S c h re y e r  and Masur (2 0 ) w ere  u sed  in
t h e i r  a n a l y s i s .  In  t h e i r  fo r m u la t io n ,  s in c e  th e  sh ap e  o f  th e  c r o s s -
R a2
s e c t io n  was s p e c i f i e d ,  o n ly  one sy s te m  p r o p e r ty  w hich  th e y  to o k  as  — —
h
was needed  in  p la c e  o f  th e  tw o , a  and c * , u sed  in  t h e  p r e s e n t  s tu d y .
ju
V alu es  o f  a  and c  w ere ch o sen  f o r  a rc h e s  1I6-H9 t o  c o rre sp o n d  t o  th e
c a s e s  = 8 , 10 , and 15, r e s p e c t i v e l y .  To t h i s  end th e  v a lu e  o f
h
a  was k e p t  c o n s ta n t  a t  .1  r a d ia n  = .5 .729577 d e g re e s  f o r  a l l  f o u r  a rc h e s  
and v a lu e s  o f  c* = 1 /4 3 2 0 1 , 1 /7 6 8 0 1 , 1 /1 2 0 0 0 1 , and 1 /270001 w ere ta k e n  
f o r  a rc h e s  116-119, r e s p e c t i v e l y .  The d e c im a l a p p ro x im a tio n s  t o  th e s e  c* 
v a lu e s  a p p e a r  w ith  t h e  t a b u l a r  r e s u l t s  in  T a b le  3 .3
The l i n e a r  c l a s s i c a l  b u c k lin g  r e s u l t s  (1 7 ) f o r  clam ped a rc h e s  w ith  
a  = .1  r a d ia n  a r e  p = 2 .0 2  f o r  a sym m etric  b u c k lin g  and p = 3 .3 2  f o r  
asym m etric  b u c k lin g  a s  shown in  T a b le  3 .1 .  A gain , a s  was o b se rv ed  f o r  
t h e  s e m ic ix c u la r  a r c h e s ,  t h e  c r i t i c a l  lo a d  p a ra m e te r  v a lu e s  f o r  th e  
e x t e n s ib l e  a rc h e s  a p p ro ach  th o s e  f o r  th e  i n e x te n s ib le  a rc h e s  a s  th e  
e x t e n s i b i l i t y  c* i s  d e c re a se d  to w ard  z e r o .  But c o n t r a r y  t o  th e  r e s u l t s  
f o r  th e  s e m ic i r c u la r  a r c h e s ,  t h e  l i n e a r  c l a s s i c a l  b u c k lin g  r e s u l t  f o r  
t h e  b i f u r c a t i o n  lo a d  p a ra m e te r  f o r  th e  sh a llo w  a rc h e s  i s  n o t  a  v e ry  good
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a p p ro x im a tio n  t o  t h e  c o rre sp o n d in g  r e s u l t  f o r  t h e  e x t e n s ib l e  a r c h e s .  The 
lo a d  p a ra m e te r  r e s u l t s  p re s e n te d  in  T a b le  3 .3  a g re e  t o  t h r e e  s i g n i f i c a n t  
f ig u r e s  w ith  th e  r e s u l t s  p r e s e n te d  by K err and El-Bayoum y.
R e s u l ts  f o r  V e r t i c a l  L oading  
S ix  a rc h e s  w ere  c o n s id e re d  w ith  v e r t i c a l  lo a d in g .  T h is  lo a d in g  c a s e  
was c o n s id e re d  b e ca u se  no o th e r  r e s u l t s  f o r  i t  c o u ld  be found  in  th e  
l i t e r a t u r e .  F o r t h i s  lo a d in g  c a se  l i n e a r  c l a s s i c a l  b u c k lin g  th e o r y  can ­
n o t b e  u sed  t o  f in d  th e  b u c k lin g  lo a d s  s in c e  th e  lo a d in g  i s  n o t  a  fu n ­
i c u l a r  lo a d in g  f o r  th e  c i r c u l a r  a r c h .  Only i n e x t e n s i b l e  a rc h e s  w ith
e i t h e r  c lam ped Cg = h  = 1 , w = a r b i t r a r y )  o r  p in n e d  Cg = 0 , h  = 1 ,
w = a r b i t t a r y )  a r c h e s  w ere c o n s id e re d . The c lam ped a rc h e s  w ere d e s ig ­
n a te d  a s  V3, V6, and V9 c o rre sp o n d in g  t o  th e  v a lu e s  3 0 , 6 0 , and 90 d e g re e s  
f o r  a ,  r e s p e c t i v e l y .  S im i la r ly ,  th e  p in n e d  a rc h e s  w ere  la b e le d  a s  V13,
V16, and V19. The t a b u l a r  r e s u l t s  a p p e a r  in  T a b le  3 .4 a  f o r  th e  clam ped 
a rc h e s  and in  T a b le  3 .4 b  f o r  th e  p in n ed  o n e s . The g r a p h ic a l  r e s u l t s  f o r  
th e  clam ped a rc h e s  a p p e a r  in  F ig s .  3 .9 - 3 .1 4  and th o s e  f o r  th e  p in n ed  
a rc h e s  a r e  found  in  F ig s .  3 .1 5 -3 .2 0 .
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T a b le  3 .4  R e s u l t s  F o r I n e x te n s ib l e  
A rches W ith  V e r t i c a l  L oad ing
a .  Clamped A rches
L ab e l a ,  d e g . Maximum p 0
d y  a t
Maximum p Q B if u r c a t io n  pQ
d y  a t
B i f u r c a t io n  p0
V3 30 14 .572 .01945 1 0 .7C .0 0 3 2 °
V6 60 25 .904 .08465 2 2 . l c .0 3 0 °
V9 90 37 .444 .21768 3 1 .9 6 9 .09307
b .  P in n ed  A rches
L ab e l a ,  d eg . Maximum p Q
d y  a t
Maximum p Q B if u r c a t io n  pQ
d y  a t  
B i f u r c a t io n  p0
V13 30 10.203 .03876 5 .1 3 ° ,0 0 2 3 c
V16 60 19 .170 .17082 9 .4 4 c .0 1 5 °
V19 90 31 .272 .43103 9 .6 7 0 9 .031470
NOTE:
c ' S ee  n o te  -ap p earin g  below  T a b le  3 .3 .
-A pprox im ate  Bi
_____ 1---------------------- 4 -
Maximum p 
f u r c a t i o n  p Q =
o = 14 .5 7 2  
1 0 .7
0 .01  .02
p 0 = 14 .572
a  = 30 d eg .
F ig . 3 .9  L o a d -D eflec tio n  Curve and
Deformed Shapes fo r  Arch V3
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Po = 14 .571
. 2
4 1 .0
F ig . 3 .1 0  D is tr ib u t io n s  o f  th e  In te r n a l
S tr e s s  R e su lta n ts  fo r  Arch V3
26
24 Maximum pQ = 25 .904
22








Po = 2 5 .8 6 1
a  b 60 deg
F ig . 3 .1 1  L o a d -D e fle c tio n  Curve and
Deformed Shapes fo r  Arch V6
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p0 = 2 5 .8 6 1
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F ig . 3 .1 2  D is t r ib u t io n s  o f  th e  In te r n a l





Maximum p Q = 3 7 .4 4 4
*
C 'c a t io n  pQ = 31 .969
10
.0 0  .0 5  .1 0  .1 5
dy
.20 .2 5
,pQ = 32 .072
P o  = 37 .435
90 deg .a
F ig . 3 .1 3  L oa d -D eflec tio n  Curve and


















F ig . 3 .1 4  D is tr ib u t io n s  o f  th e  In te r n a l
S tr e s s  R e su lta n ts  fo r  Arch V9
Maximum p Q = 10 .203
10
A pprox im ate  B i f u r c a t io n  pQ = 5 .1
.02.01 03 04 05
d.y
p Q = 10 .194 '
a  = 30 d eg .
F ig . 3 .1 5  L o a d -D eflec tio n  Curve and
Deformed Shapes fo r  Arch V13
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- 1 . 0
-1 9
-20
f t p 0 = 10 .1 9 4
-21
-2 2
- 1 . 0 0s
m
p 0 = 1 0 .1 9 4-.2
- . 4
-.6 - . 5
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A co m p ariso n  o f  t h e s e  r e s u l t s  shows t h a t  a s  th e  a rc h  becom es s h a l ­
lo w er ( a  i s  d e c re a s e d )  t h a t  th e  m ag n itu d es  o f  b o th  th e  d e fo rm a tio n s  and 
c r i t i c a l  lo a d s  d e c r e a s e .  F o r th e  a rc h e s  w ith  a  = 30 d e g re e s  t h e  d e f l e c ­
t i o n s  a r e  q u i t e  sm a ll ( t h e  o r d e r  o f  2-4% o f  th e  le n g th  o f  t h e  a r c h ) ,  b u t 
f o r  th e  a rc h e s  w ith  a  = 90 d e g r e e s ,  th e y  a r e  q u i t e  l a r g e  ( t h e  o r d e r  o f  
20-40% o f  th e  l e n g th  o f  th e  a r c h ) .
Com paring th e  r e s u l t s  g iv e n  in  T a b le  3 .1  f o r  th e  h y d r o s t a t i c a l l y  and 
r a d i a l l y  lo a d ed  a rc h e s  w ith  th o s e  f o r  th e  v e r t i c a l l y  lo a d e d  a rc h e s  g iv e n  
in  T a b le  3 .4 ,  i t  may be see n  t h a t  th e  asym m etric  b u c k lin g  lo a d s  do n o t  
d i f f e r  much f o r  a l l  t h r e e  lo a d in g  c a s e s .  The ag reem ent i s  b e s t  f o r  th e  
a rc h e s  w ith  a  = 30 d e g r e e s ,  w hich i s  as i t  sh o u ld  b e , s in c e  in  th e  l i m i t  
a s  a  goes t o  z e ro  th e  a r c h  a p p ro a ch e s  a  s t r a i g h t  b a r  and a l l  t h r e e  lo a d in g  
c a s e s  become i d e n t i c a l .
CHAPTER 4 . CONCLUSIONS
Method o f  A n a ly s is  
The fo rm u la t io n  w hich a p p e a rs  in  E qs. 2 .4 9 -2 .6 4  i s  a  c o n v e n ie n t one 
f o r  s tu d y in g  th e  f i n i t e  d e fo rm a tio n s  o f  c i r c u l a r  a r c h e s .  I t  in c lu d e s  
th e  e f f e c t s  o f  e x t e n s i b i l i t y  and n o n - f u n ic u la r  lo a d in g  w hich w ere n o t  
c o n s id e re d  in  th e  p re v io u s  s tu d y  by Oran and Reagan ( 1 7 ) .
The a lg o r i th m  SYM w hich  u s e s  th e  s h o o t in g  m ethod d e s c r ib e d  in  th e  
A ppendix  was s u c c e s s f u l ly  u sed  t o  d e te rm in e  sym m etric  c o n f ig u r a t io n s  f o r  
a l l  t h e  a rc h e s  c o n s id e re d  in  t h i s  s tu d y .  I t  was u sed  t o  fo l lo w  th e  lo a d  
p a ra m e te r  v e r s u s  v e r t i c a l  d e f l e c t i o n  c u rv e  th ro u g h  a  r e l a t i v e  maximum.
Then by i n t e r p o l a t i o n  an  a p p ro x im a tio n  f o r  t h e  maximum lo a d  p a ra m e te r  
v a lu e  was com puted.
The a lg o r i th m  ASYM w hich  a l s o  u s e s  t h e  s h o o tin g  m ethod and i s  d e s ig n e d  
t o  f in d  asym m etric  ( p o s tb u c k l in g )  e q u i l ib r iu m  c o n f ig u r a t io n s  worked b e s t  
f o r  th e  h ig h e r  a rc h e s  c o n s id e r e d .  F o r t h e  s h a l lo w e r ,  s t i f f e r  a rc h e s  no 
asym m etric  c o n f ig u r a t io n s  c o u ld  be fo u n d . T h is  f a i l u r e  o f  ASYM i s  n o t 
to o  s e r io u s  b e c a u se : 1 ) ASYM d id  y i e l d  an  e s t im a te  o f  t h e  b u c k lin g  lo a d ,  
and 2 ) sh a llo w  a rc h  t h e o r i e s  p ro v id e  a c c e p ta b le  r e s u l t s  f o r  th e  s h a llo w e r  
a r c h e s .  The l a t t e r  was v e r i f i e d  by th e  ag reem en t betw een  th e  r e s u l t s  
p r e s e n te d  h e r e in  and th o s e  o f  K e rr  and El-Bayoum y ( 1 1 ) .
S t r u c t u r a l  B eh a v io r o f  C i r c u l a r  A rches 
The fo llo w in g  c o n c lu s io n s  c o n c e rn in g  th e  s t r u c t u r a l  b e h a v io r  o f  c i r ­
c u l a r  a rc h e s  w ere  draw n from  th e  n u m e r ic a l  r e s u l t s  p re s e n te d  in  C h a p te r  3 :
1 . The e f f e c t  o f  e x t e n s i b i l i t y  on th e  asym m etric  b u c k lin g  lo a d  f o r  
c lam ped , s e m ic i r c u la r  a rc h e s  i s  n o t v e ry  s i g n i f i c a n t .  However t h e  
a d d i t io n  o f  a  seem in g ly  sm a ll amount o f  e x t e n s i b i l i t y  i s a y  c  = .0 0 1 )  
d oes in tr o d u c e  s i g n i f i c a n t  p re b u c k lin g  d is p la c e m e n ts .
2 . The a ssu m p tio n s  on w hich  t h i s  fo rm u la t io n  was b a se d  m ust b e  ap ­
p l i e d  w ith  c a r e .  In  p a r t i c u l a r  th e  e n g in e e r in g  beam th e o r y  and  th e  
l i n e a r  c o n s t i t u t i v e  e q u a tio n  on w hich i t  i s  b a se d  a r e  v a l i d  o n ly  f o r  
sm a ll s t r a i n s .  F o r some o f  th e  g e o m e trie s  c o n s id e re d ,  e s p e c i a l l y  
t h e  s e m ic i r c u la r  a r c h e s ,  th e  p re b u c k lin g  d e fo rm a tio n s  a r e  so  l a r g e  
t h a t  y i e ld in g  o f  th e  m a te r ia l  would p ro b a b ly  o c c u r  b e f o r e  e l a s t i c  
b u c k l in g .  The l i m i t a t i o n s  o f  th e  e n g in e e r in g  beam th e o r y  w ere  made 
q u i t e  c l e a r  t o  th e  a u th o r  when th e  r e s t r i c t i o n  e > - l  a p p e a r in g  in  
Eq. 2 .2 6  was v i o l a t e d  by a lg o r i th m  SYM in  th e  a n a ly s i s  o f  a r c h  H5. 
T h is  was a  c a s e  when a  p h y s ic a l  im p o s s i b i l i ty  was p o s s ib l e  in  t h e  
m a th e m a tica l m odel, i . e .  t h e  com puter " s e e s ’1 n o th in g  wrong in  
" sq u e e z in g "  a  segm ent o f  th e  a rc h  in to  a  z e ro  o r  even  a  n e g a t iv e  
le n g th .
3 . The sh a llo w  a rc h  th e o r y  a ssu m p tio n s  a s  p re s e n te d  by  S c h re y e r  and 
M asur (20 ) p ro v id e d  an  e x c e l l e n t  ap p ro x im a tio n  t o  th e  m ore e x a c t  
fo rm u la t io n  u sed  h e r e in .  T h is  was o b serv ed  in  t h e  ag reem en t o f  th e  
r e s u l t s  p re s e n te d  h e re  and th o s e  o f  K err and El-Bayoum y (1 1 ) f o r  
th e  fo u r  sh a llo w  a rc h e s  H6-H9 w ith  h y d r o s ta t i c  lo a d in g .
4 . I n e x te n s ib l e ,  c lam ped o r  p in n e d , c i r c u l a r  a rc h e s  w i th  v e r t i c a l
lo a d in g  b u c k le  a s y m m e tr ic a lly  in  much th e  same way as  th e  c o r r e ­
sp o n d in g  h y d r o s t a t i c a l l y  o r  r a d i a l l y  lo ad ed  a r c h e s .  However th e  
p re b u c k l in g  d e fo rm a tio n s  f o r  v e r t i c a l l y  lo a d e d , h ig h  a rc h e s  w ere 
q u i t e  l a r g e  (20-40%  o f  t h e  le n g th  o f  th e  a r c h ) ,
5 . The re s p o n s e  o f  th e  a rc h e s  c o n s id e re d  h e r e in  was q u i t e  n o n l in e a r  
a s  may be  se e n  in  th e  l o a d - d e f l e c t i o n  c u rv e s  p re s e n te d  in  C h a p te r  3 . 
The sh ap e  o f  t h e  l o a d - d e f l e c t i o n  c u rv e s  i s  s i m i l a r  t o  t h a t  o b ta in e d  
when n o n l in e a r  m a te r i a l  p r o p e r t i e s  a r e  in tro d u c e d  i n t o  sm a ll deform ­
a t i o n  t h e o r i e s  f o r  b a r s .  S ee , f o r  exam ple, Reagan and K rah l (1 9 ) .  
T h is  s i m i l a r i t y  would make i t  d i f f i c u l t  to  s e p a r a te  t h e  g e o m e tr ic  and 
m a te r i a l  n o n l i n e a r i t i e s  in  an a c tu a l  l a b o r a to r y  t e s t  o f  an a rc h .
S u g g e s tio n s  f o r  F u r th e r  R esea rch  
A g e n e r a l  p ro c e d u re  f o r  f in d in g  a l l  o f  th e  s i g n i f i c a n t  e q u i l ib r iu m  
c o n f ig u r a t io n s  o f  s t r u c t u r e s  i s  n eed ed . I t  s h o u ld  be l e s s  i n t u i t i v e  
and m ore d i r e c t  th a n  th e  te c h n iq u e s  u sed  in  a lg o r i th m s  SYM and ASYM.
The fo r m u la t io n  p re s e n te d  h e re  c o u ld  be ex ten d e d  t o  a l lo w  th r e e -
I
d im e n s io n a l d is p la c e m e n ts  o f  t h e  a rc h . T h is  would in c r e a s e  th e  o rd e r  
o f  th e  b o u n d a ry -v a lu e  p ro b lem  t o  tw e lv e  and in t r o d u c e  a d d i t i o n a l  sy stem  
p r o p e r t i e s .  Such a  fo rm u la t io n  co u ld  be u sed  t o  s tu d y  th e  o u t - o f - p la n e  
b u c k l in g  o f  a r c h e s .
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NOTATION FOR THE APPENDIX 
C o n s ta n ts  a p p e a r in g  in  Eq. A .3 and E q. A .4
E x t r a p o la t io n  d i s t a n c e  r e g u l a t o r  a p p e a r in g  in  E qs.
A .13, A .16 , and A .17
3x3 m a tr ix  d e f in e d  in  Eq. A .23
Upper bound on th e  a b s o lu te  v a lu e s  o f  th e  r e s i d u a l s
Column v e c to r  i t e r a t i o n  f u n c t io n  d e f in e d  by Eq. A .22
In d ex  on th e  lo a d in g  p a ra m e te r  v a lu e s ,  p ^ , w ith  th e  
maximum number o f  lo a d  v a lu e s  a llo w e d  d e n o ted  by La
Column v e c to r  o f  r e s i d u a l s
S c a le  f a c t o r s  u sed  in  t h e  e x t r a p o la t i o n  p ro c e d u re
Q u a n ti ty  d e f in e d  fo llo w in g  Eq. A .12
S c a le d  c o o r d in a te s  u sed  t o  d e s c r ib e  th e  c u rv e  in  th e  
e x t r a p o la t i o n  p ro c e d u re , w ith  th e  u n s e a le d  c o o rd in a te s  
d e n o ted  by U and V
Column v e c to r  o f  m is s in g  b o u n d ary  v a lu e s  a t  th e  l e f t  
end o f  t h e  a rc h
n th  i t e r a t e  o f  X in  t h e  s h o o tin g  m ethod f o r  s o lv in g  
th e  b o u n d a ry -v a lu e  p ro b lem
\ o f  t h e  a n g le  su b ten d e d  by th e  undeform ed a rc h
E x t e n s i b i l i t y  d e f in e d  in  Eq. 2 .6 5
R o ta t io n a l  s p r in g  c o n s ta n t  d e f in e d  in  E q. 2 .6 6
E x te n s io n a l  s p r in g  c o n s ta n t  d e f in e d  in  Eq. 2 .6 7
H o r iz o n ta l  d e f l e c t i o n  o f  th e  c e n t e r  p o in t  o f  th e  a rc h  
c e n t r o i d a l  a x i s ,  p o s i t i v e  t o  th e  r i g h t
V e r t i c a l  d e f l e c t i o n  o f  th e  c e n t e r  p o in t  o f  th e  a rc h  
c e n t r o i d a l  a x i s ,  p o s i t i v e  downward
Normal and t a n g e n t i a l  com ponents, r e s p e c t i v e l y ,  o f  
th e  i n t e r n a l  f o r c e  v e c to r
I n te g e r  in d e x  u sed  in  v a r io u s  p la c e s
I n te g e r  in d e x  u sed  in  v a r io u s  p la c e s
I n t e r n a l  c o u p le
In d e x  u sed  t o  co u n t th e  i t e r a t i o n s  in  t h e  s h o o tin g  
m ethod, w ith  na  e q u a l to  th e  maximum num ber a llo w ed
Load p a ra m e te r  f o r  h y d r o s t a t i c  lo a d in g
Load p a ra m e te r  f o r  v e r t i c a l  lo a d in g
P o s i t i o n  v e c to r s  o f  th e  deform ed and undeform ed 
c e n t r o id a l  a x e s , r e s p e c t iv e ly
R ad iu s  o f  th e  undeform ed a rc h
Deformed a rc  le n g th
Undeformed a rc  le n g th
A pproxim ate  a rc  le n g th  u sed  in  th e  e x t r a p o la t i o n  
p ro c e d u re
P o t e n t i a l  e n e rg y
T angen t a n g le
A ngle d e f in in g  th e  l i n e  o f  t r a n s l a t i o n  o f  th e  bound 
a r i e s
C a r te s ia n  com ponents o f  c[
C a r te s ia n  com ponents o f  £0
APPENDIX. ALGORITHMS
T h is  a p p en d ix  c o n ta in s  a  d i s c u s s io n  o f  th e  two a lg o r i th m s ,  SYM and 
ASYM, w h ich  w ere  u sed  t o  o b ta in  th e  r e s u l t s  a p p e a rin g  in  C h a p te r  3 . SYM 
was u sed  t o  d e te rm in e  th e  g e o m e t r ic a l ly  sym m etric e q u i l ib r iu m  c o n f ig u r a ­
t i o n s ,  w h ile  ASYM was u sed  t o  f in d  th e  g e o m e tr ic a l ly  asym m etric  o n e s . 
FORTRAN IV p rogram s u s in g  d o u b le - p r e c is io n  a r i th m e t ic  and b ased  on e ac h  
o f  t h e  a lg o r i th m s  w ere  w r i t t e n  f o r  th e  IBM 360 /65  com puter a t  t h e  L o u i­
s i a n a  S t a t e  U n iv e r s i ty  Com puter R ese a rch  C e n te r . B efo re  d e s c r ib in g  SYM 
and ASYM, two im p o r ta n t e le m e n ts  o f  th e  a lg o r i th m s , and e x t r a p o la t i o n  
p ro c e d u re  and a  s h o o tin g  m ethod f o r  s o lv in g  th e  b o u n d a ry -v a lu e  p ro b lem , 
w i l l  be  d i s c u s s e d .
The n o t a t i o n  u sed  in  th e  A ppendix  w i l l  be somewhat d i f f e r e n t  from  
t h a t  u sed  in  th e  m ain t e x t .  Some o f  t h e  sym bols u sed  in  t h e  m ain t e x t  
w i l l  r e t a i n  t h e i r  o ld  d e f i n i t i o n s ,  w h ile  o th e r s  u sed  in  th e  m ain t e x t  
w i l l  h av e  new d e f i n i t i o n s  in  th e  A ppend ix . S in c e  o n ly  d im e n s io n le s s  
q u a n t i t i e s  a r e  needed  in  th e  A ppendix , th e  n o t a t i o n a l  c o n v e n tio n  u sed  
in  th e  m ain t e x t  c o n c e rn in g  m in u sc u le  and m a ju scu le  l e t t e r s  w i l l  n o t  be 
u s e d . S ee  th e  s e p a r a te  l i s t i n g  o f  n o t a t io n  w hich a p p l ie s  o n ly  t o  th e  
A ppendix  w hich  a p p e a rs  a t  th e  b e g in n in g  o f  t h i s  A ppendix .
E x t r a p o la t io n  P ro ce d u re  
The e x t r a p o l a t i o n  p ro c e d u re  d e s c r ib e d  h e re  i s  u sed  e x te n s iv e ly  in  
a lg o r i th m s  SYM and ASYM, C o n s id e r  a  tw o -d im en s io n a l c u rv e  w hich  i s  d e s ­
c r ib e d  a p p ro x im a te ly  by a  d i s c r e t e  s e t  o f  p o in ts  w ith  c a r t e s i a n  c o o rd ­
i n a t e s  (U^, V ^ ), i  s  l ,  L - l ,  w h ich  a r e  o rd e re d  w ith  r e s p e c t  t o  d i s t a n c e  
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F ig .  A, 2 T y p ic a l  Load-
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f o r  t h e  c o o r d in a te s  (U , V )  o f  an  a d d i t i o n a l  p o in t ,  th e  L th  p o in t ,  byii 1»
e x t r a p o la t in g  from  th e  g iv e n  L - l  p o i n t s .  O nly th e  l a s t  t h r e e  o f  th e
p o in t s  -  L -3 , L -2, and L - l  -  a r e  u sed  in  th e  p ro c e d u re .
F i r s t  t h e  c o o r d in a te s  o f  th e  l a s t  t h r e e  p o in t s  a re  s c a le d  by d iv id in g
by  th e  s c a le  f a c t o r s  Sjj and Sy,
u i  = U ./S jj ( i  = L -3 , L - l )  ( A . l )
v i  = V ./S y  ( i  = L -3 , L - l )  (A .2)
w ith  and d e n o tin g  th e  s c a le d  c o o r d in a te s .  The s c a le  f a c to r s  
and Sy a re  ta k e n  a s  |Uj,. -- and |v k -  Vk_1 | , r e s p e c t iv e ly ,  w here k
i s  th e  l a r g e s t  v a lu e  o f  i  su ch  t h a t  and # V ._1# In  th e
e v e n t no such  i  e x i s t s  (w hich  i s  u n l ik e ly )  th e  s c a le  f a c to r s  = S^. = l  
a r e  u s e d .
Then i t  i s  assum ed t h a t  th e  c u rv e  can  be ap p rox im ated  lo c a l l y  by th e  
e x p re s s io n s
U ( t)  = A^ +A2t  +A3t ^  (A. 3 )
and
V ( t )  = B1 +B2t  +B3t 2 (A .4 )
w here th e  p a ra m e te r  t  = an a p p ro x im a te  a r c  d i s t a n c e  m easured from  p o in t  
L -3  and A^, A2 , A3 , B^, B2, and B^ a r e  c o n s ta n ts  t o  be d e te rm in e d . The 
a r c  d i s ta n c e  t  i s  found  by summing th e  cho rd  le n g th s  betw een s u c c e s s iv e  
p o i n t s .  Thus
tL - 3  ~ 0




*L-1 = » I_2 ♦ <VL-1 -  V 2>2 <A-7 >
w ith  t j ^  = ap p ro x im a te  a r c  d i s t a n c e  t o  p o in t  I>-1, e t c .  The c o n s ta n ts  
A ^-B j a r e  d e te rm in e d  t>y f o r c in g  E q s . A. 3 and A .4 t o  g iv e  c o r r e c t  c o o rd ­
in a te s  f o r  th e  t h r e e  p o in t s  L -3 , L -2 , and L - l .  Doing t h i s  y i e l d s
A1 = UL-3 * B1 s  VL-3 (A .8)
A2 = f  "  W  -  *1-2^ 1  - BL-3>] (A’9)
B2 = f [ t i l (VL-2 -  VL-3> -  t l . 2 < V l  -  VL-3>] <A- 10>
a 3 ~ ^ [ “fcL - l^ UL-2 “  BL-3^ + t L-2^BL -l ” BL -37] (A .11)
® 3  =  | [ - t l - l ( V L - 2  "  V 3 >  +  t L - 2 ( V L - l  -  V L - 3 > ]  <A . « >
w here T = -  t L_1t £_2 .
The a rc  d i s ta n c e  t o  th e  so u g h t p o i n t ,  t ^ ,  i s  ta k e n  a s
t L = + 2 BCtL-1 -  (A .13)
w here th e  exponent B i s  an i n t e g e r  c a l l e d  th e  e x t r a p o la t io n  d i s ta n c e  
r e g u l a t o r .  F o r p o s i t i v e ,  z e r o ,  o r  n e g a t iv e  v a lu e s  o f B th e  a rc  d is ta n c e  
from  p o in t  L t o  p o in t  L - l  i s  l e s s  th a n ,  e q u a l t o ,  o r  g r e a t e r  th a n ,
r e s p e c t iv e ly ,  t h e  a rc  d i s t a n c e  from  p o in t  L - l  t o  p o in t  L -2 . B i s  u s e f u l
iti  v a ry in g  how " f a r "  t h e  e x t r a p o la t e d  p o in t  i s  from  th e  g iv e n  p o i n t s .
The d e s i r e d  r e s u l t  th e n  may be e x p re s s e d  as
\  = Su (A1+A2t L + A3t | )  (A. 14)
\  -  V W l  + ¥ l > ( a - 15)
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by  a p p ly in g  E qs. A .3 and A .4 a t  p o in t  L. T h is  e x t r a p o la t i o n  p ro c e d u re  
i s  more c o n v e n ie n t f o r  th e  a lg o r i th m s  u sed  in  t h i s  s tu d y  th a n  c o n v e n tio n a l 
e x t r a p o la t i o n  t r e a t i n g  V a s  a  f u n c t io n  o f  U. S in c e  U and V p la y  sym m etric  
r o l e s  in  t h i s  p ro c e d u re , i t  c an  h a n d le  s i t u a t i o n s  su ch  a s  z e ro  o r  i n f i n i t e  
s lo p e s  o r  d o u b le -v a lu e d  f u n c t io n s  (V(U) o r  U(V)) w h ich  can n o t be t r e a t e d  
by c o n v e n tio n a l  e x t r a p o la t i o n .  On th e  o th e r  han d , E qs. A .14 and A .15 
a r e  l e s s  a c c u r a te  ( i n  th e  s e n s e  t h a t  th e y  do n o t  g iv e  e x a c t  r e s u l t s  f o r  
a  p a ra b o la )  th a n  c o n v e n tio n a l q u a d r a t ic  e x t r a p o l a t i o n ,  s in c e  th e y  ap p ro x ­
im ate  th e  a r c  le n g th .  For t h e  c a s e  L = 3  th e  l i n e a r  e x t r a p o la t io n  form ­
u la s  c o rre sp o n d in g  t o  E qs. A .14 and A .15 a r e
U3 = U2 + 2- b (U2 -  UL) (A .16)
and
V3 = V2 + 2~B(V2 -  Vx ) (A. 17)
S h o o tin g  Method
A s h o o tin g  m ethod i s  u sed  t o  s o lv e  th e  b o u n d a ry -v a lu e  p ro b lem , w hich  
may be v iew ed  as f in d in g  th e  z e ro  o f  a s e t  o f  t h r e e  s im u lta n e o u s  n o n l in e a r  
f u n c t io n s  o f  t h r e e  v a r i a b l e s .  The s h o o tin g  m ethod c o n s i s t s  of. th e  f o l ­
low ing s t e p s :
1 , G uesses a r e  made f o r  th e  t h r e e  m is s in g  ( t o  be d is c u s s e d  l a t e r )  
b oundary  v a lu e s ,  d en o ted  by X^, X2 , and X^, r e s p e c t i v e l y ,  a t  t h e  l e f t  
end o f  th e  a rc h .
2. The re m a in in g  th r e e  b o u n d ary  v a lu e s  a t  th e  l e f t  end o f  th e  a rc h  
a r e  com puted from  th e  boundary  c o n d i t io n s ,  E q s . 2 .5 9 - 2 .6 1 .
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3. The d i f f e r e n t i a l  e q u a t io n s  a r e  in t e g r a t e d  n u m e r ic a l ly  b e g in n in g  
a t  t h e  l e f t  end and c o n t in u in g  t o  th e  r i g h t  en d . T h is  y i e ld s  s ix  
b o undary  v a lu e s  a t  t h e  r i g h t  end o f  th e  a rc h .
4 . In  g e n e r a l  th e  s i x  bo u n d ary  v a lu e s  a t  th e  r i g h t  end com puted in  
s t e p  3 w i l l  n o t  s a t i s f y  t h e  boundary  c o n d i t io n s  a t  t h e  r i g h t  end . 
T h ree  r e s i d u a l s  (am ounts by w hich  th e  t h r e e  r i g h t  boundary  c o n d i t io n s  
a r e  n o t s a t i s f i e d )  a r e  d e n o te d  as  R^, R2 , and R3. T hese  r e s id u a l s  
may be v iew ed  a s  f u n c t io n s  o f  th e  m is s in g  boundary  c o n d i t io n s  a t  th e
l e f t  end -  X^, X2 , and X3 . F o r t h e  c o r r e c t  v a lu e s  o f  Xl t  X2 , and X3 ,
th e n  Rx = R2 = R3 = 0.
5 . The g u e sse s  f o r  X^, X2 , and X3 a r e  r e f in e d  and s te p s  2^4 a r e
r e p e a te d .  I f  t h e  a b s o lu te  v a lu e s  o f  th e  r e s i d u a l s  a r e  a l l  l e s s  th a n  
a  s p e c i f i e d  t o l e r a n c e ,  th e  p ro c e d u re  i s  te r m in a te d ,  and i f  th e y  a re  
n o t ,  s te p  5 i s  r e p e a te d  u n t i l  th e y  a r e .
S in c e  th e  p a r t i a l  d e r i v a t i v e s  o f  th e  f u n c t io n s  Rl f  R2 , and R3 w ith  
r e s p e c t  t o  X^, X2 , and X3 a r e  n o t  a v a i l a b l e , a  m o d if ie d  Newton-Raphson 
method w hich  does n o t  r e q u i r e  d e r i v a t i v e s  o f  th e  f u n c t io n s ,  i s  u sed  in  
s te p  5 above t o  r e f i n e  th e  g u e sse s  f o r  Xl f  X2 l and X3 . M a tr ix  n o ta t io n  
i s  c o n v e n ie n t f o r  th e  d e s c r ip t i o n  o f  i t  w ith  th e  s h o o tin g  method s t a t e d  
a s
R(X) = 0 (A .18)
w here
X,1





R(X) = R2(X) = R2(X i,X2,X3 )
R3(X) R3(X i|X2,X3 )
(A .20)
The m o d if ie d  Newton-Raphson i t e r a t i v e  p ro c e d u re  f o r  im prov ing  an i n i t i a l  
g u e ss  f o r  a  z e ro  o f  Eq. A .18 i s  g iv e n  by th e  r e c u r s io n  fo rm u la
Xn+1 = F(Xn ) (A .21)
w here Xn and X*l+^ a r e  th e  n th  and n+1 t h  i t e r a t e s ,  r e s p e c t i v e l y ,  and F(X) 
i s  t h e  i t e r a t i o n  f u n c t io n
F(X) = X -  D“1R(X) (A .22)
and D i s  th e  3x3 m a tr ix
D =
R l ( X i +R i , X 2 ,X3 ) - R i R1CX i, x 2 +R2 , x 3 ) - R i r i CX1 ,X2 ,X3+R3 ) - R 1
R1 r2 r 3
R 2 ( X i+ R i ,X 2 ,X 3 ) - R 2 R2 (Xl f X2 +R2 ,X 3 ) - R 2 R2 ( X l , X 2 ,X 3 -fR3 ) - R 2
R1 R2 r 3
R3 <X1+R1 •X2 »X3 ) ~R3 R3 (Xl f X2 +R2 ,X3 ) - R 3 r 3 (Xi ,X2 i x3 +R3 ) - R3
R1 r2 r 3
(A ,23)
w here  Rj^  = R^CXj^X j .X'j ) ,  e t c .  T h is  p ro c e d u re  i s  v e ry  s im i l a r  t o  one 
p r e s e n te d  by Wegge (2 5 ) .  The o n ly  d i f f e r e n c e  i s  t h a t  in  W egge's p ro c e ­
d u re  t h e  argum en t X^ + R^ a p p e a r in g  in  t h e  n u m e ra to r  o f  each  e lem en t and 
th e  d i v i s o r  R^ a p p e a r in g  in  each  e le m e n t o f  th e  m a t r ix  D a r e  r e p la c e d  by 
X. « R. and ~ R ., r e s p e c t i v e l y .  In  e i t h e r  c a s e  th e  m a tr ix  D i s  an ap p rox -1 X.
im a tio n  t o  t h e  J a c o b ia n  m a tr ix  w hich  a p p e a rs  in  th e  u s u a l  Newton-Raphson
m ethod . N o tic e  t h a t  each  s t e p  in  th e  i t e r a t i o n  r e q u i r e s  f o u r  n u m e ric a l 
i n t e g r a t i o n s  o f  th e  d i f f e r e n t i a l  e q u a tio n s  to  d e te rm in e  each  o f  th e  
v e c to r s  R (X ), R(X1+R1,X2,X3 ) ,  R(X1,X2+R2,X3 ) , and R t t ^ X ^ X ^ R j )  w hich  
a p p e a r  in  Eq. A .23 .
The n u m e ric a l i n t e g r a t i o n  o f  th e  d i f f e r e n t i a l  e q u a t io n s  was done w ith  
t h e  s u b r o u t in e  DRICGS in  th e  IBM System /360  S c i e n t i f i c  S u b ro u tin e  P ackage  
(SSP) ( 9 ) .  DRKGS (w hich i s  t h e  d o u b le - p r e c is io n  v e r s io n  o f  th e  SSP su b ­
r o u t i n e  RKGS) u s e s  a  f o u r th - o r d e r  R unge-K u tta  i n t e g r a t i o n  schem e. I t  i s  
v e ry  c o n v e n ie n t t o  u se  s in c e  i t  a u to m a t ic a l ly  a d ju s t s  th e  s t e p  s i z e  u sed  
in  t h e  i n t e g r a t i o n  (by h a lv in g  o r  d o u b lin g )  so  a s  t o  make a  m easu re  o f  
t h e  t r u n c a t io n  e r r o r  l e s s  th a n  a  u s e r - s u p p l ie d  t o l e r a n c e .  I f  more th a n  
t e n  b i s e c t i o n s  o f  t h e  o r i g i n a l  ( u s e r - s u p p l ie d )  s te p  s i z e  a r e  re q p i^ e d ', 
t h e  s u b r o u t in e  te r m in a te s  and r e tu r n s  t o  th e  m ain programV
A lg o rith m  SYM
A lg o rith m  SYM i s  a  p ro c e d u re  f o r  f in d in g  g e o m e t r ic a l ly  sym m etric  
c o n f ig u r a t io n s  o f  an a rc h ,  b e g in n in g  from  th e  u n lo ad ed  c o n f ig u r a t io n  
(p  o r  p0 = 0) and c o n t in u in g  w ith  v a ry in g  v a lu e s  o f  p o r  po u n t i l  a  l o c a l  
maximum in  th e  p o r  pc v e r s u s  dy c u rv e  i s  a t t a i n e d .  See F ig ;  A .2. From 
h e re  on w henever p i s  m en tio n ed  i t  i s  t o  be u n d e rs to o d  t h a t  e i t h e r  p o r  
pc  i s  t o  be  u sed  f o r  h y d r o s t a t i c  o r  v e r t i c a l  lo a d in g , r e s p e c t i v e l y .
U sin g  th e  e x t r a p o la t i o n  p ro c e d u re  d e s c r ib e d  abo v e, th e  p -d y  c u rv e  i s  f o l ­
low ed t o  o b ta in  th e  s u c c e s s iv e  v a lu e s  o f  p .  Thus w hat i s  in c re m en ted  
d u r in g  th e  p ro c e d u re  i s  s c a le d  d i s t a n c e  a lo n g  th e  p -d y  c u rv e ,  and n o t  
e i t h e r  p o r  d y . Load v a lu e s  a r e  num bered by an i n t e g e r  in d e x  L, w ith  L 
= I  c o r re sp o n d in g  to  th e  u n lo ad ed  c o n f ig u r a t io n .  F o r each  lo a d  v a lu e ,  
t h e  c o r re sp o n d in g  v a lu e s  o f  f n , f ^ ,  m, x , y ,  and v  a t  t h e  l e f t  end and
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dy a r e  s to r e d  f o r  l a t e r  u se  in  e x t r a p o la t io n  t o  p ic k  th e  n e x t  lo a d  v a lu e  
and i n i t i a l  g u e s s e s  f o r  th e  m is s in g  boundary  v a lu e s  c o r re s p o n d in g  t o  th e  
n e x t  lo a d  v a lu e .  A b r i e f  b lo c k  d iag ram  o f  SYM a p p e a rs  in  F ig .  A .3 .
Each b lo c k  i s  num bered and w i l l  be f u r t h e r  d e s c r ib e d  below .
B lock  1 The sy s te m  p r o p e r t i e s  a ,  c * , g * , h * t and w a r e  r e a d .  A lso  
t h e  fo l lo w in g  c o m p u ta tio n a l p a ra m e te rs  a r e  r e a d ;  th e  f i r s t  n o n z e ro  
lo a d  v a lu e  p 2 , an  a l lo w a b le  u p p e r bound f o r  th e  bo u n d ary  c o n d i t io n  
r e s i d u a l s  (d e n o te d  by E ) ,  an i n t e g e r  d e n o tin g  th e  lo a d in g  c a s e  
.• (h y d ro s ta tic  o r  v e r t i c a l ) ,  th e  number o f  lo ad  v a lu e s  a llo w ed  (d e n o te d  
by l*a ) ,  th e  num ber o f  New t  on-R aphs on i t e r a t i o n s  a llo w ed  f o r  e ac h  lo a d  
v a lu e  (d e n o te d  by  n a ) ,  and th e  number o f  e q u a l ly  sp aced  p o in t s  ( c a l l e d  
n e t  p o i n t s )  a lo n g  th e  le n g th  o f  th e  undeform ed a rc h  f o r  w h ich  r e s u l t s  
a r e  d e s i r e d .
B lock  2 The q u a n t i t i e s  t^ a n d  ^  a t  each  n e t  p o in t  a r e  com puted f o r  
l a t e r  u s e  in  B lo ck  8.
B lock  5 A p p ro x im a tio n s  f o r  th e  m is s in g  boundary  v a lu e s  a t  th e  l e f t  
end (d e n o te d  by th e  colum n v e c to r  X*) f o r  L = 2 c o r re s p o n d in g  t o  th e  
P2 s p e c i f i e d  in  B lock  1 a r e  com puted. The c ru d e  a ssu m p tio n  (w hich  
i s  c o r r e c t  o n ly  f o r  u n b u c k le d , h y d r o s t a t i c a l l y  lo a d e d , i n e x t e n s ib l e  
r i n g s ) t h a t
f n ( - l )  = m ( - l )  = 0
f t ( - D  = ~pA 0 = -pa
£ ( -1) = S o * -1 ) 
v ( ~ l )  = v0( ~ l )
(A. 24) 
(A .25) 
(A . 26) 
(A .27)
Read sy stem  p r o p e r t i e s  & 
c o m p u ta tio n a l p a ra m e te rs
B = B + 1 




Compute X1 f o r  L = 2
>f
>
P ic k  p l  & X1 
u s in g  e x t r a p o la t io n
A ttem p t to  s o lv e  
b o u n d a ry -v a lu e  problem  
f o r  e x t r a p o la t e d  p^
^ > i d  B lock 5 s u c c e e d ? ^ >
Compute s ( s Q) & u
9 ^ P r i n t  r e s u l t s  f o r  p^  ~J
V
Compute maximum p
10    .
Is Pl < Pl-1 ?>y e s  \ ____________   /
V  no
( s t o p )  £  I s  L = La ? N -
V----------- /  y e s  N----------------------------'
no
A
13 B = 0
A
F ig . A .3 B lock D iagram  o f  SYM
B lock 4 See F ig . A .4 f o r  an  e x p a n s io n  o f  B lock 4 . The b lo c k s  in  F ig . 
A ,4 a re  f u r t h e r  d e s c r ib e d  b e lo w .
B lock 4 .1  The lo a d  in d e x  i s  in c rem en ted  by 1 .
B lock 4 .2  F o r L=2, c o n t r o l  i s  t r a n s f e r r e d  d i r e c t l y  to  B lock 5 , 
s in c e  X* f o r  lr-2 was a l r e a d y  com puted in  B lock  3,
B lock 4 .3  F o r L > 2 ,  th e  e x t r a p o la t i o n  p ro c e s s ,  E q s. A .14-A .15  
( f o r  L > 3 )  o r  E q s . A .1 6 -A .1 7  ( f o r  L =3), i s  u sed  t o  p ic k  a  lo a d  
p a ra m e te r  v a lu e  p ^  and an  a p p ro x im a te  dy , w ith  U = dy  and V = p . 
B lock 4 .4  I f  < 2 < UL - l  * v a lu e  o f  p L = VL i s  im proved
by u s in g  i n t e r p o l a t o r y  q u a d r a t i c  e x t r a p o la t io n  t r e a t i n g  V a s  a  
f u n c t io n  o f  U to  f in d  a  b e t t e r  ap p ro x im a te  v a lu e  o f  = pL 
c o rre sp o n d in g  t o  t h e  v a lu e  .o f = dy  found in  B lock  4 .3 .
B locks 4 .5 - 4 .1 1  I n i t i a l  g u e s s e s  f o r  th e  th r e e  m is s in g  boundary  
v a lu e s  X* a r e  com puted u s in g  e x t r a p o la t io n  by E q s. A .14-A .15  o r  
A .16-A .17  w ith  U *s dy  and  V = X^, x | ,  and x | ,  s u c c e s s iv e ly .  
D i f f e r e n t  c h o ic e s  a r e  made f o r  th e  m is s in g  boundary  v a lu e s  X^ 
depend ing  on th e  v a lu e s  o f  g* and h* a s  may be se e n  in  th e  b lo c k  ^ 
d iag ram  F ig . A .4 .
B lock 5 An a tte m p t i s  made t o  s o lv e  th e  b o u n d a ry -v a lu e  p roblem  u s in g  
th e  s h o o tin g  m ethod d e s c r ib e d  ab o v e . Som etim es th e  s h o o tin g  method 
f a i l s  due t o  th e  fo l lo w in g  c ir c u m s ta n c e s :
1 . The m ethod f a i l s  t o  co n v erg e  a f t e r  th e  a llo w a b le  number o f  
i t e r a t i o n s  n a  s p e c i f i e d  in  B lock  1 .
2 . The d e te rm in a n t  o f  t h e  m a tr ix  D becomes to o  sm a ll so t h a t  
















Im prove v a lu e  o f  p.
E x t r a p o la te  t o  p ic k  p
E x tr a p o la te  t o  
g u ess  Xj = v ( - l )
E x t r a p o la te  t o  
g u e ss  x l  = f t ( - l )
E x t r a p o la te  to  
g u ess  xj" = f n C~ 1)
E x t r a p o la te  t o  
g u e ss  X j = m ( - l )
E x t r a p o la te  t o  
g u e ss  X* = x ( ~ l )
F ig .  A .4 E x p an sio n  o f  B lock 
4 in  F ig .  A .3
3 . More th a n  te n  b i s e c t io n s  o f  th e  s p e c i f i e d  s te p  s i z e  ( th e  a rc  
d i s t a n c e  betw een  tw o a d ja c e n t  n e t  p o in t s )  a r e  r e q u i r e d  by sub­
r o u t i n e  DRKGS.
F a i lu r e  o f  th e  s h o o tin g  m ethod u s u a l l y  o c c u rs  b e ca u se  a  v a lu e  o f  p 
i s  chosen  by e x t r a p o la t i o n  f o r  w hich  th e r e  i s  no e q u i l ib r iu m  con­
f i g u r a t i o n  w ith  m is s in g  b o undary  v a lu e s  w hich a r e  s u f f i c i e n t l y  c lo s e  
t o  th e  i n i t i a l  g u e sse s  X1 .
An ex p an s io n  o f  B lock  5 a p p e a rs  in  F ig ,  A ,5 . The c o n f ig u r a t io n s  
a r e  fo rc e d  t o  be g e o m e t r ic a l ly  sym m etric  by c o n s id e r in g  o n ly  th e  l e f t  
h a l f  o f  t h e  a rc h  ( - l < s o < 0 )  w ith  th e  b o undary  c o n d i t io n s  E q s . 2 .5 9 -  
2 .6 1  a t  th e  l e f t  en d , s Q = - 1, and th e  boundary  c o n d i t io n s
f n (0) = x (0) = v (0) -0 (A .28)
a t  th e  c e n t e r ,  s D = 0.
B lock  7 I f  th e  s h o o tin g  m ethod f a i l s  a s  d is c u s s e d  above u n d e r  B lock 
5 , th e  e x t r a p o la t i o n  r e g u l a t o r  B i s  in c re m en ted  by 1 and th e  lo ad  
in d e x  L i s  decrem en ted  by  1. T h is  e n a b le s  th e  s h o o tin g  m ethod t o  be 
t i ' i e d  a g a in  in  B lo ck s 4 and 5 w ith  th e  e x t r a p o la t i o n  d i s t a n c e  red u ced  
t o  h a l f  o f  i t s  v a lu e  f o r  th e  p re v io u s  u n s u c c e s s fu l  a t te m p t .
B lock  8 The deform ed a rc  l e n g th ,  s ( s 0 ) ,  f o r  each  o f  th e  n e t  p o in ts  
and th e  p o t e n t i a l  e n e rg y  u a r e  c a l c u l a t e d  by n u m e ric a l i n t e g r a t i o n  
o f  E q s. 2 .2 7  ( i n  d im e n s io n le s s  fo rm ) , 2 .7 4 , and 2 .7 7  o r  2 .7 9  u s in g  
S im pson’ s r u l e .
B lock 9 In  t h i s  b lo c k  th e  r e s u l t s  ( s ,  f n , f fc, m, x , y ,  and v )  a t  
each  o f  th e  n e t  p o in t s  f o r  th e  L th  lo ad  v a lu e  a r e  p r i n t e d .
Was th e r e  an 




y esWas th e r e  an e r r o r  in  DRKGS 
o r  was |detD | to o  sm a ll ?
Compute D (E q. A .23)
Compute Xn+* (Eq. A. 21)
C a lc u la te  R(Xn ) by 
n u m e ric a l i n t e g r a t i o n  
o f  E qs. 2 .5 3 -2 .5 8
. A .5 E xpansion  o f  B lock  
5 in  F ig . A .3
B lo ck  10 The c u r r e n t  lo ad  v a lu e  i s  com pared w ith  th e  l a s t  o n e . A 
d e c r e a s e  in  lo a d  in d ic a te s  t h a t  a  l o c a l  maximum in  th e  p -d y  c u rv e  
h a s  been  fo u n d .
B lock  11 I f  L e q u a ls  th e  number o f lo a d  v a lu e s  a llo w e d , La  ( s p e c i f i e d
in  B lock 1 ) ,  t h e  co m p u ta tio n s  a r e  te r m in a te d .  O th e rw ise  c o n t r o l  i s
t r a n s f e r r e d  t o  B lock  4 .
B lock  12 An a p p ro x im a tio n  t o  t h e  maximum lo a d  and th e  c o rre sp o n d in g
d v a lu e  a r e  found by p a s s in g  an i n t e r p o l a t i n g  p a ra b o la  th ro u g h  th e
l a s t  t h r e e  p o in ts  on th e  p -d y  c u rv e  and th e n  f in d in g  th e  maximum o f  
t h a t  p a r a b o la .  The p o t e n t i a l  e n e rg y  u  c o r re s p o n d in g  to  th e  maximum 
lo a d  i s  a l s o  found by i n t e r p o l a t i o n .  Then t h e  c o m p u ta tio n s  a r e  te rm ­
in a te d .
B lock  13 The e x t r a p o la t io n  r e g u la to r  B i s  s e t  e q u a l t o  z e ro  in  p re p ­
a r a t i o n  f o r  t h e  f i r s t  a tte m p t t o  s o lv e  th e  b o u n d a ry -v a lu e  p rob lem  f o r  
t h e  n e x t  lo a d  v a lu e  Pl+i *
A lg o rith m  ASYM
A lg o rith m  ASYM was d e s ig n e d  to  f in d  a sy m m etric  c o n f ig u r a t io n s  n e a r  
a  p o in t  o f  b i f u r c a t i o n  and th e n  t o  f in d  an  a p p ro x im a tio n  f o r  th e  lo a d  
p a ra m e te r  v a lu e  a t  w hich b i f u r c a t io n  o c c u r s .  The m ain d i f f i c u l t y  in  
t h i s  p ro c e d u re  l i e s  in  o b ta in in g  two e q u i l ib r iu m  c o n f ig u r a t io n s  so  t h a t  
th e  e x t r a p o la t i o n  p ro c e d u re  may be u sed  t o  fo l lo w  a  lo a d - d e f l e c t i o n  
c u rv e .  The fo llo w in g  p h y s ic a l ly  m o tiv a te d  p r o c e s s ,  w hich  i s  s i m i l a r  t o  
one u sed  by L ee , M anuel, and Rossow (15 ) t o  f in d  a  b i f u r c a t i o n  p o in t  f o r  
a  p o r t a l  fra m e , was u sed  w ith  some s u c c e s s :
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1 . E q u i l ib r iu m  c o n f ig u r a t io n s  w ere  found  f o r  s u c c e s s iv e  v a lu e s  o f  
th e  lo a d  p a ra m e te r  u s in g  a  p ro c e d u re  s i m i l a r  t o  t h a t  o u t l in e d  f o r  
SYM. One d i f f e r e n c e  from  SYM was t h a t  th e  g iv e n  h y d r o s t a t i c  o r  
V e r t i c a l  lo a d in g  sy stem  was augm ented by a sm a ll h o r i z o n ta l  f o r c e .  
T h is  h o r i z o n ta l  f o r c e  was a p p l ie d  w i th  c o n s ta n t  i n t e n s i t y  o v e r a  
c e n te r  p o r t io n  o f  th e  a rc h  l e n g th ,  - » l < s 0 < . l ,  and z e ro  i n t e n s i t y  
o v e r  th e  r e s t  o f  th e  a rc h  le n g th .  The f u l l  a rc h  le n g th  was con­
s id e r e d  and th e  boundary  c o n d i t io n s  E q s . 2 .6 2 -2 .6 4  w ere u sed  a t  th e  
r i g h t  end . A n o th er d i f f e r e n c e  from  SYM was t h a t  t h e  p l o t  o f  p v e rs u s  
dx , w here dx  i s  th e  h o r iz o n ta l  d e f l e c t i o n  o f th e  m id p o in t, was f o l ­
lowed by e x t r a p o la t io n  in s te a d  o f  t h e  p -d y  c u rv e . C o rre sp o n d in g  to  
t h a t ,  th e  v a r i a b l e  dx was u sed  in  ASYM in  t h e  e x t r a p o la t i o n  p ro c e ss  
t o  o b ta in  i n i t i a l  g u e sse s  f o r  th e  s h o o t in g  m ethod and th e  s u c c e s s iv e  
lo a d  v a lu e s ,  in s te a d  o f  dy w hich  \*as u sed  in  SYM. A se m i- lo g  p lo t  
o f  pQ v e r s u s  f o r  th e  a rc h  V19 d e s c r ib e d  in  C h a p te r  3 , w hich  was 
o b ta in e d  by  th e  above d e s c r ib e d  p ro c e d u re ,  a p p e a rs  in  F ig .  A .6( a ) .
The p o in t s  so o b ta in e d  a r e  i n d ic a te d  by  s m a l l j  c i r c l e s  w ith  s e le c te d  
p o in t s  numbered in  th e  o rd e r  t h a t  th e y . -were q b fa in e d . I t  may be 
c o n s id e re d  t y p i c a l  f o r  a l l  th e  a rc h e s  c o n s - id e rd d .ln  C h a p te r  3 , The 
lo a d in g  p ro c e s s  was s to p p ed  a f t e r  a  f ix e d  num ber o f  lo ad  v a lu e s  ( t h i s  
number was 20 f o r  F ig .  A .6( a ) ) .
2. The e q u i l ib r iu m  c o n f ig u r a t io n s  a s s o c ia te d  w ith  th e  l a s t  two 
p o in t s  o b ta in e d  in  s te p  1 w ere  u sed  a s  a p p ro x im a tio n s  t o  asym m etric  
c o n f ig u r a t io n s  f o r  th e  a rc h  w ith  th e  a r t i f i c i a l l y  added h o r iz o n ta l  
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w ith o u t  added sm a ll 
h o r i z o n ta l  f o r c e
F ig .  A.6
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t h e  p -d x  c u rv e  ( i n  th e  o p p o s i te  d i r e c t i o n  from  s te p  1) u n t i l  dx 
becomes n e a r ly  z e ro . In  t h i s  p ro c e d u re  th e  a p p ro x im a te  boundary  
v a lu e s  fo u n d  in  s te p  1 a r e  u sed  a s  i n i t i a l  g u e s s e s  f o r  th e  s h o o tin g  
m ethod. F o llo w in g  t h a t  an  a p p ro x im a tio n  f o r  th e  b i f u r c a t i o n  lo a d  
was found  u s in g  p a r a b o l ic  e x t r a p o l a t i o n .  The p o in t s  th u s  o b ta in e d  
f o r  a rc h  V19 a re  shown on an  expanded  p -d x  p l o t  in  F ig . A .6(b )  a s  
p lu s  s ig n s  (+) and a r e  num bered l ' - A * .  The l a s t  p o in t s  o b ta in e d  in
s te p  1 a r e  a l s o  sh o rn  on t h i s  p l o t  and a r e  in d ic a te d  by c i r c l e s .
The p h y s ic a l  re a s o n in g  b eh in d  th e  p ro c e d u re  o u t l in e d  above was th e  
fo l lo w in g :  F o r  lo ad  p a ra m e te r  v a lu e s  s u f f i c i e n t l y  l e s s  th a n  th e  b i f u r -  •
c a t i o n  lo a d  p a ra m e te r ,  th e  sym m etric  c o n f ig u r a t io n s  a r e  s t a b l e ,  whidh 
im p lie s  t h a t  th e  a p p l i c a t io n  o f  a  s m a ll d i s tu r b a n c e ,  e . g .  a  sm a ll h o r -  
-iz^dn|:al!,:; f6rc e ^ .v t o n ly  a  sm a ll change in  th e
'•’c o n f ig u r a t io n . ' For lo ad  p a ra m e te r  v a lu ed , :n e a r  th e  b i f u r c a t i o n  lo a d , 1 )
th e  sym m etric  c o n f ig u r a t io n  o f  t h e  a rc h  i s  u h s t^  d i s t u r b ­
an ces  sh o u ld  p ro d u ce  la r g e  changes in  t h e  c o n f ig u ra tio n '^ ^ f jo rc ln g ^ .th e  a rc h  
t o  assum e an asym m etric  c o n f ig u r a t io n ,  and 2) th e  a s y m m e t r i c ^  
o f  th e  a rc h  i s  s t a b l e  and sm all d is tu r b a n c e s  sh o u ld  p roduce^;:bn iy^^ali^V „ ;;
ro u n d o ff  e r r o r s )  and th e  a rc h  w i l l  n o t  assum e an  asym m etric  c o n f ig u r a ­
t i o n  a s  th e  b i f u r c a t i o n  p o in t  i s  a p p ro a c h e d . I f  i t  i s  ta k e n  to o  l a r g e ,
changes in  th e  c o n f ig u r a t io n .
One d i f f i c u l t y  in  a p p ly in g  th e  . a lg o r  itn m  y ^ rM ^ w a s^ tn ^
o f - . t h e 'd i s tu r b in g  f o r c e ,  had:, t o  - be>choseh,"- .•r S e v e f a 'l £ t r i a i ‘s.ij'>-were.'usuaTiy 
jrc ijq h ifjed ^ o ;^ ’^  i s  ta k e n  to o
;;s 'ii» a l!^  *1^  v a lu e s  w i l l  be' i n s i g n i f i c a n t  ( l e s s  th a n  th e
t h e  asym m etric  c o n f ig u r a t io n s  w hich  a r e  found  in  s t e p  1 w i l l  n o t  be  ad e­
q u a te  a p p ro x im a tio n s  t o  p ro v id e  s t a r t i n g  v a lu e s  f o r  th e  s h o o t in g  m ethod 
in  s te p  2. The i n t e n s i t y  o f  th e  h o r i z o n ta l  lo a d  a p p l ie d  o v e r  th e  c e n te r  
p o r t i o n  o f  a rc h  V19 was .0 0 2 3 0 .
/
The a lg o r i th m  ASYM w orked v e r y  w e l l  f o r  th e  s e m ic i r c u la r  a rc h e s  con­
s id e r e d  in  t h i s  s tu d y , b u t  when i t  was t r i e d  f o r  th e  s h a llo w e r  a rc h e s ,  
no  asym m etric  c o n f ig u r a t io n s  c o u ld  be fo u n d . However, t h e  p -d x  c u rv e s  
o b ta in e d  f o r  th e s e  a rc h e s  w ere  s i m i l a r  in  sh ap e  t o  F ig .  A .6( a ) ,  b u t th e y  
w ere  much f l a t t e r ,  i n d i c a t i n g  t h a t  th e  b e h a v io r  o f  t h e  a rc h  was v e ry  
s e n s i t i v e  to  sm a ll ch an g es  in  t h e  lo a d  p a ra m e te r .  The e x t r a p o la t io n  
te c h n iq u e  had d i f f i c u l t y  in  fo l lo w in g  su ch  a  f l a t  c u rv e .  I t  would p r e ­
d i c t  lo a d  v a lu e s  f o r  w h ich  no e q u i l ib r iu m  c o n f ig u r a t io n  e x i s t e d ,  so  t h a t  
t h e  s h o o tin g  m ethod would n o t  c o n v e rg e . When t h i s  happened th e  e x t r a p ­
o l a t i o n  d i s ta n c e  was re d u c e d  a s  d e s c r ib e d  in  SYM and th e
was t r i e d  a g a in . P r o g re s s  a lo n g  th e  P -dx  curve-;w as, q u i t e  -s lo w  b ecau se  V;V 
o f  t h i s .  Then vhen ;';the--d i'^ tu rb Ihgy 'H drizbn ta idk ;f d r c e  was rem oved and s te p  
2
'in s tb a d > e fv a n ? ." a ^  o f  th e  a lg o r i th m
th e s e  p ro b le m s , b u t none o f  them
 was t r i e d ; : t h £ ~ ^  th e  sym m etric  c o n f ig u r a t io n
i c a t i o n s  r‘1 r"' "
I • f . i f t V 'A ’. -f a  /I  X .i «  , r'?i w * . : P  a t *4* : '4* a ’ h  /v t*  v * a n f  r \ r * n K 1  o r
,r.:\wer e :.>as,!; f  o l  lows
im provem ent to  fo l lo w  th e  p -d y  c u rv e  and dy was u sed  in s te a d  o f  dx  
in  t h e  e x t r a p o la t io n  p ro c e d u re .
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2.  The d i s t r i b u t i o n  o f  th e  d i s t u r b i n g  h o r iz o n ta l  p r e s s u r e  was 
changed  from  th e  one d e s c r ib e d  above (w hich was a  d is c o n t in u o u s
f u n c t io n  a t  th e  p o in t s  s0 = * .1) t o  th e  c o n tin u o u s  f u n c t io n  
2
e"-20s O< T h is  f u n c t io n  a p p ro x im a te s  a  c o n c e n tra te d  lo ad  w ith  a  " s p ik e "  
c e n te r e d  ab o u t th e  o r i g i n ,  s Q = 0.
3. The d i s tu r b in g  h o r i z o n ta l  f o r c e  was r e p la c e d  by a  v e r t i c a l  
lo a d in g  d i s t r i b u t e d  a s  a  d ip o le ,  s oe""^0s o . T h is  lo a d in g  p ro d u ces  a 
c o u n te rc lo c k w is e  c o u p le .
Even th ough  th e  b i f u r c a t i o n  p o in t  c o u ld  n o t  be o b ta in e d  f o r  th e  
s h a llo w e r  a r c h e s ,  t h e  v a lu e  o f  th e  lo a d  p a ra m e te r  f o r  w hich  th e  p -d x 
c u rv e  became f l a t  sh o u ld  be  a  good a p p ro x im a tio n  t o  th e  b i f u r c a t i o n  lo a d . 
Such ap p ro x im a te  v a lu e s  a r e  p re s e n te d  in  C h ap te r  3 .
Rem arks About SYM and ASYM
One.draw back t o  t h e  u se  o f t h e  a lg o r i th m s  SYM and ASYM was t h a t  th e y
; .'V■■■■' ■ ;• . ■ f
, ' r * .v’l'ii'Cf• > / e q u ire d ^ la rg 'e a m o u n ts  o f  com pu ter t im e . The Newton-Raphson m ethod c o n -
- s , - .  . >»i-..: .
;  ' V . .  . •c ;  ■
^ .? ^ ^ ^ ^ e r |e d ,M ^ tC ';? ra p id ly ,;' ‘u s u a l l y  in  t h r e e  o r  f o u r  i t e r a t i o n s ,  b u t th e
‘ T'":'-i;v'' ’
i n t e g r a t i o n  r o u t i n e  had t o  u s e  a  v e ry  sm a ll 
V"^ h :s i i f f i c 1 ent: 1 y  a c c u r a te  r e s u l t s .  S in c e  each  Newton-
. i t e r a t i o n r e q u i r e d  fo u r  i n t e g r a t i o n s  o f  t h e  d i f f e r e n t i a l  e q u a t io n s , 
ime r e q u i r e d  was g r e a t l y  d ep en d en t on th e  s te p  s i z e .  The 
v a lu e s  10”^ and 10“8 w ere  commonly u sed  f o r  th e  a llo w a b le  u p p e r bounds
on th e  boundary  c o n d i t io n  r e s i d u a l s  and th e  t r u n c a t io n  e r r o r  m easure
r e q u i r e d  by DRKGS, r e s p e c t i v e l y .  F o r t h e s e  v a lu e s  t h e  com pu ter tim e  
r e q u i r e d  by th e  program s SYM and ASYM f o r  each  a rc h  was 5 and 10 m in u te s , 
r e s p e c t i v e l y ,  on th e  IBM 3 6 0 -6 5 .
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